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Abstract

Propositional Provability Logic was axiomatized by R.M.
Solovay in 1976. This modal logic describes the behavior of
the arithmetical operator “A is provable”. The aim of these
investigations is to provide propositional axiomatizations of
the predicates “p is a proof of A”, “p is a proof which con-
tains A” and “p is a program which computes A” using the

same semantics.

The presented systems, called the Basic Logic of Proofs, are
first proved to be sound and complete with respect to arith-
metical interpretations. Decidability is a consequence of a
semantical cut elimination theorem. Moreover, appropriate
syntactical models for the Basic Logic of Proofs are defined,
which are closely related to canonical models. Finally, some
general principles of the Basic Logic of Proofs, mainly con-
cerning fixed points, are investigated.
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1 Introduction

1.1 Motivation

The Provability Logic GL was axiomatized by R.M. Solovay in [11].
This propositional modal logic gives a framework for studying proper-
ties of the provability predicate Prp,(-) of Peano Arithmetic PA. In
this context the modal operator O is interpreted as Pre,(-), i.e. OA
can be read as “A is provable in PA”. Solovay’s axiomatization of GL
consists of all tautologies, the schemes O(A — B) — (0OA — OB)
and O(OA — A) — OA, as well as the rules modus ponens and ne-
cessitation. Since GL is decidable, one has an elegant and efficient tool
for studying subjects centered around Gdédel’s incompleteness theorems,
e.g. Lob’s theorem, fixed points and formalizations. Some well-known
properties (cf. [5], [10], [11]) of GL related to this text are the substi-
tution lemmas and the existence and uniqueness of fixed points. E.g.
—0(-) has the fixed point =01 (consistency), and O(-) has the fixed
point T.

Although some properties of GL are relevant for computer science (e.g.
Godel’s incompleteness theorems for consistency proofs in databases),
this logic has mainly applications to mathematics itself. One reason is
that in computer science not only the provability of a statement is of
interest, but also in many cases the proofs themselves, or informations
about the time or memory expenditure for a proof are known. These
considerations lead to a different situation. For example it is well-known
that a powerful machine cannot prove its own consistency, but it is
possible for such a machine to demonstrate that a given proof does
not derive 0 =1, or that no computation within a fixed time comes to
that answer. However, these important aspects of provability cannot be
expressed in terms of Prp,(-).

The Basic Logic of Proofs is defined exactly in the same environment
as GL. But instead of having modal formulas of the form OA and in-
terpreting OA as “A is provable”, the language of the Basic Logic of
Proofs contains labeled modalities O,A, which can be interpreted in a
wide range of applications, e.g. as “pis a proof of A”, “pis a proof which
contains A”, “p is a program which computes A”, or “A is computable
by a program which size is bounded by p”. Using these logics one can
easily answer questions about proofs in the same way as GL does for
provability. Some simple examples of such questions are “is it provable
that a given proof does not derive 0=1 ?”, “is it possible that p is a



proof of ¢ if p is a proof of p A ¢ 77, “is it provable that p cannot be
the proof of a formula containing p 7”.

Most definitions in the following introduction are in accordance with
those of classical Provability Logic [11]. Nevertheless, the Basic Logic
of Proofs is entirely different from Provability Logic, and its arithmetical
completeness proof does not use the Solovay argument.

1.1 Definition The modal language contains two sorts of variables,

Po,P1,--- (called proof variables),
So, 51, - - - (called sentence variables),

the connectives -, A, and the labeled modality symbol O, for each
proof variable p;. The modal language is generated from the sentence
variables Sg, S1,... by the boolean connectives =, A as usual, and by
the unary modal operators Op,(-),0p, (+),... as follows: if p is a proof
variable and A a modal formula then O,(A) (O, A for short) is a modal
formula. The truth values L (for absurdity), T (for truth) and the other
boolean connectives are defined in their usual way.

Parentheses are avoided whenever possible by the usual conventions on
precedence along with the modal convention that O,,(-) is given the
minimal scope. Sentence variables and formulas of the form O,A are
called quasiatomic. Small letters p, gq,r, ... are used for proof variables,
capital letters S, T, ... for sentence variables and A, B, C, ... for modal
formulas.

1.2 Arithmetic, proof predicates

In order to allow iterations of modalities, which is an essential principle
of the Basic Logic of Proofs, the modal language must be interpreted
in theories, which are able to link theorems and proofs after some nat-
ural coding. These considerations lead to the notion of arithmetical
interpretation of the modal language.

1.2 Definition Let the theory T be Primitive Recursive Arithmetic
PRA, or let T be a recursive extension of I¥; which is valid in the
standard model of arithmetic, e.g. let T be Peano Arithmetic PA.
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Greek letters ¢, 9, ... denote arithmetical formulas. In this text we do
not distinguish between the number n and its numeral n.

In the sequel, by formula we always mean modal formula.

1.3 Remark [t is assumed that the Godel numbering of formulas and
proofs satisfies the following conditions:

—ifneNthenn <Tn7,
— if an expression t occurs in the formula ¢ then "t7 < Ty,

1.4 Definition An arithmetical formula Prf(-,-) is called a proof
predicate in T iff

e Prf(z,y) is (provably-in-T equivalent to) a recursive formula in z
and y,
e Ty < IneN:Prf(n,"¢") for all arithmetical formulas .

The proof predicate Prf(-,-) is called functional iff for all n, ki, ks € N:
o If Prf(n, k1) and Prf(n,ks) then ky = ko.

The proof predicate Prf(-,-) is called monotone iff for all n, k € N:
o If Prf(n,k) then n > k.

A proof predicate is thus nothing but a recursive enumeration of the
theorems of T, and a functional proof predicate is additionally injective.
The following definition gives some examples of such proof predicates.

1.5 Definition Let proof (z) be a standard arithmetical term for the
recursive predicate “x is the G6del number of a proof in T”. A formal
description of proof (-) can be found for example in [5] or [10]. Let lh(s)
and (s); be primitive recursive terms which compute the length and the
i’th component of a sequence s, respectively.

1. The Gédel proof predicate Prf(-,-) is defined as usual by

Prf(z,y) := proof(z) A (2)m@) =Y

i.e. Prf(z,y) holds iff y is the Gédel number of the last formula
of the proof with Gédel number z.



2. The nonfunctional Gédel proof predicate Prf(-,-) is defined by
Prf(z,y) := proof(z) A 3i<lh(z): (z); =

i.e. Prf(z,y) holds iff z is the Godel number of a proof which
contains a formula with Godel number y.

Note that with respect to Prf(-,-) and Prf(-,-) each theorem has in-
finitely many proofs.

3. A modification Prf,(-,-) of Prf(,-) is obtained if one allows not
only proofs as first argument, but also programs which enumerate
the theorems of T. This generalization leads to a different proof
predicate: If Prf(z,y) holds, one may assume that = > y, provided
the usual Godel numbering is used (cf. remark 1.3). On the other
side, short programs can compute long theorems in such a way
that Prf,(x,y) does not necessarily imply = > y.

4. In the context of resource bounded reasoning one can construct a
proof predicate Prf,(-,-) by

Prfz(m,y) = dp<u=: Prfl(p7y)

with the intention that Prf,(z,y) holds iff the formula (with Godel
number) y is computable by a program which size (i.e. Godel
number) is bounded by z. The proof predicate Prfy(-,-) differs
from Prf(-,-) and Prf,(-,-) in the sense that there may be several
formulas ¢1, @2, ... such that Prf,(n, ;") is true for a fixed n.

It is not difficult to see that the Gdodel proof predicate Prf(-,-) is
both functional and monotonic, the nonfunctional Gddel proof predicate
Prf(-,-) is monotonic but not functional, Prf,(-,-) is functional but not
monotonic, and that Prf,(-,-) is an arbitrary proof predicates. More-
over, the corresponding provability predicates Pr(y) := 3z Prf(z,y)
and Pr(y) := 3z Prf(x,y) are provably-in-T equivalent (cf. [5], [10]).

1.3 Semantics

The semantics of the Basic Logic of Proofs is based on arithmetical
interpretations:

1.6 Definition Let Prf(-,-) be a proof predicate in T, and let ¢ be a
function that assigns to each proof variable p; some n € N and to each
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sentence variable S; a sentence of T. An arithmetical interpretation
(interpretation for short) (-)* is a pair (Prf(-,-),¢) of such Prf(-,-)
and ¢. The arithmetical interpretation (A)* (A* for short) of a modal
formula A is the extension of ¢ to all modal formulas by:

o pi"i=¢(pi) St :=¢(S)
o (mA)* = A (AN B)* := A* A B*
o (OpA)":= Prf(p*,"A™7)

1.7 Definition An arithmetical interpretation (-)* = (Prf(:,-), ¢) is
called functional iff Prf(-,-) is functional. An arithmetical interpreta-
tion (+)* = (Prf(-,-), ¢) is called monotone iff Prf(-,-) is monotonic.

In some situations it is useful to consider functional interpretations
()* = (Prf(-,-),¢) where ¢ is injective. Such interpretations will be
called i-functional. An i-functional interpretation has the property that
if A and B are modal formulas, then A* = B* iff A = B (here = denotes
the syntactical identity of formulas, e.g. ¢ = ¢, but p A Z @, So Z S1
and O, T £ 0, T).

1.8 Example Consider the formula -0,-0,T. Its arithmetical in-
terpretation is = Prf (p*, = Prf(p*," T*7)7), depending on Prf(-,-) and
the interpretation of the proof variable p. Assume first that Prf(-,-) is
a monotonic proof predicate, for example the Godel one Prf(-,-). As
p* occurs in = Prf(p*," T*7) and by the convention on Gédel number-
ing (remark 1.3), it follows that p* < "= Prf(p*," T*7)7. Hence by the
monotonicity property Prf(p*,"—Prf(p*,"T*7)7) cannot be true. As
this is a recursive sentence, - Prf (p*," = Prf (p*," T*)7) is provable. So
—-0,-0,T is provable (thus true) under every monotonic interpretation.
Assume next that Prf(-,-) is defined by the following fixed point equa-
tion, i.e. T proves the following equivalence:

Prf(z,y) «— [ z=0 — y="=Prf(0,”T*)7 A
z>0 = Prf(z-1,) ]

Still, Prf(-,-) is a proof predicate: It is recursive and enumerates all the-
orems by Prf(-,-), and additionally the sentence —~Prf(0,” T*7) which
is according to the fixed point equation provable in T, too. Now by



the fixed point equation, Prf(0,"—=Prf(0," T*7)7) is true, and so with
p* =0, = Prf(p*,"=Prf(p*," T*™M)7) is false. So there exists an interpre-
tation which makes ~0,—-0,T false, but this interpretation is no longer
monotonic.

1.4 Main results

The Basic Logic of Proofs — as well as the classical Provability Logic
— is not concerned with occasional details about the coding of proofs
in T by means of one fixed Prf(-,-). Rather the Basic Logic of Proofs
describes those general principles which are true for all proof predicates
of a given class.

1.9 Definition P, PF, PU, PM, PFM and PUM are the modal the-
ories with axioms and rules of inference as follows: (e.g. PUM consists
of (A1), (A2), (R1), (A3) and (A4))

(A1) All (boolean) tautologies

(A2) O0,4A— A P
A A— B

R —F—

(A3) O,AANO,BAF—G (F=G (modA=B)) } U

(A3’) —(O0,AA0,B) (A#£ B) }F
(A4) —[Og, A>(q2) ANOg, Az(gz) A ... AOg, Ar(q1)] } M
where A, B, F, G are formulas, p,qi,...,q, are proof variables, and

Ai(g;) is a formula in which ¢; occurs. The scheme (A4) includes
—0,, A1(g1). The relation F =G (mod A=DB) is defined as V8 : (40 =
Bl — FO = G6), where 6 denotes a substitution which substitutes
proof variables for proof variables and formulas for sentence variables.
(A2) is the Reflexivity Aziom, (A3) the Unification Aziom, (A3’) the
Functionality Aziom and (A4) the Monotonicity Aziom.

1.10 Remark Due to lemma 2.9 the axiom (A3) can also be replaced
by the two following axioms:

(A3.) (0, AAND,B) (A, B are not unifiable)

(A3,) O, ANO,BAF — G (A, B unifiable and F'T4, 5 = GT4,B)
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where 74 p is an idempotent most general unifier of A and B which is
obtained by a fixed but arbitrary unification algorithm (e.g. algorithm
2.6). So it is decidable whether a formula is an instance of (A3). For
technical reasons we will often use (A3;)+(A32) instead of (A3).

The main result of this text is that for each modal formula A the fol-
lowing hold:

PHA <= TEF A* for every interpretation (-)*,
PF+HA < Tk A* for every i-functional (-)*,
PMEA <= TF A* for every monotonic (-)*,
PFMEA < T A* for every i-functional, monotonic (-)*,
PUFA < T A* for every functional (-)*,
PUME A < Tk A* for every functional, monotonic (-)*.

Furthermore, in each assertion above one may replace “T + A*” by “A*
is true”. E.g. for P that means

PFA <& V': TFHA* <<= V*: A" istrue

where “V*: S” is used as usual (cf. [5], [10], [11]) as an abbreviation for
the fact that S holds for every interpretation (-)*.

The proof of the completeness provides semantical cut elimination for
sequential versions of these logics. We get decidability as a consequence.

Moreover, for each of these completeness theorems a proof predicate
can uniformly be chosen. PUM even is complete with respect to all
interpretations which use a fixed functional and monotonic proof pred-
icate, for example the Gddel one Prf(-,-). The same is true for PM
and a certain nonfunctional proof predicate which is based on Prf(-,-).
Thereby, PUM is the logic of the functional Gédel proof predicate. If
we use this specific interpretation in the case of PM and PUM, then
it is not required any more to interpret the proof variables as Gddel
numbers of proofs instead of the proofs themselves; we may change the
following two items in the definition 1.6 of arithmetical interpretation:

e ¢(p;) is a proof in T.
o (O0,4)" := Prf("p;*7,"A*).

None of the logics can be regarded as a normal modal logic as neither
the necessitation rule N

0,A

p




nor substitution rule
A< B

0,A < 0O,B

are valid under arithmetical interpretations.

1.11 Example Some consequences of the Reflexivity Axiom (A2) are

PrE-O,L

PrF-0,0,1

Ptk O,mA—-0,A

PF(0,AANO,B) = (A B)

(even: P+ (0,AANDO,B) - (AAB) )

From the Unification Axiom (A3) follow theorems like the following,
which are not provable in P

PUF O, A — —O,(AA A)

PU + DpS() A DpS1 A So — S

PU + DPSO A DpSl — (DqS() <~ Dqsl)

PU + _'(DpSU A DquS(])

PU + DpSO A Dpsl A DqS() — ﬁDq(Sl \Y J_)

Each theorem of PU is also a theorem of PF (cf. theorem 2.13). The
converse is not true; consequences of the Functionality Axiom (A3’)
which are not theorems of PU are e.g.

PF + ﬁ(DpSO A Dpsl)
PFEOOpT —=-0,0,T

In the sequel we will see that none of our logics proves any formula of the
form O,A. But PU proves -0, A for some formulas A. For example,
0,0,T — O,T is an instance of (A2), and —(0,0,T ADO,T) is an
instance of (A31), hence it follows that PU + -0,0,T. The formula
—-0,0,T is also an instance of the Monotonicity Axiom (A4), i.e. PM
—0,0,T. Another consequence of this axiom is that PM + —0,—-0, T
(cf. example 1.8).
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In section 2 the soundness, and in section 3 the completeness of the
proof systems with respect to arithmetical interpretations are proved.
Section 4 is devoted to uniform proof predicates. In section 5 syntactical
models are defined and shown to be sound and complete with respect
to the proof systems. Section 6 then investigates some principles of the
Basic Logic of Proofs, mainly concerning fixed points. And finally, in
section 7 possible extensions of the Basic Logic of Proofs are discussed.
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2 Soundness

In this section we prove soundness of the modal systems P, PF, PU,
PM, PFM and PUM with respect to arithmetical interpretations.

2.1 Soundness without unification

In this subsection we deal with the logics that do not make use of the
Unification Axiom.

2.1 Soundness of P Let A be a modal formula. Then

PEHA = V*: Tk A%, and therefore
V*: A* istrue

Here, V* quantifies arbitrary arithmetical interpretations.

Proof Let (-)* be some arithmetical interpretation. We have to show
that T F A*. Induction on the complexity of the P-proof of A:

(A1) and (R1) straightforward.

(A2) 1% case: T + Prf(p*,"A*7). It follows by definition 1.4 that
TF A*, hence T+ Prf(p*,TA*7) — A*.
284 case: T I Prf(p*,"A*7). As Prf(-,-) is recursive (definition
o U TE P TAT), thus TR Prf(p,r A > A

2.2 Soundness of PF Let A be a modal formula. Then

PFI A = V*: TF A", and therefore
V*: A* istrue

Here, V* quantifies i-functional interpretations.

Proof In view of theorem 2.1 it remains to verify the soundness of
the Functionality Axiom:

(A3%) 15¢ case: T + Prf(p*,"A*7). As TA*" #£ "B*7 (A # B) and
by the functionality of the proof predicate (definition 1.4), T
—Prf(p*,"B*7), hence T + =(Prf(p*,"A*™") A Prf(p*,"B*")).
2nd case: T I Prf(p*,"A*7). Then T F —Prf(p*,"A*7), since
Prf(-,) is recursive, thus T + —=(Prf(p*,"A*7) A Prf(p*," B*")).
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2.3 Soundness of PM Let A be a modal formula. Then

PME A = V*: TF A, and therefore
V*: A* istrue

Here, V* quantifies monotonic interpretations.

Proof In view of theorem 2.1 it remains to verify the soundness of
the Monotonicity Axiom:

(A4) Assume that T does not prove

(=[Og, A2(g2) AOg, A3(gz) A ... AOg, Ar(q1)])*
It follows that the sentences

Prf(g1*,"(A2(g2))* "), Prf(e2*,"(As(g3))* ), ---
RS Prf(qn*ar(Al(QI))*—l)

are true. Prf(g;*,"(A;(g;))*") implies by the monotonicity of the
proof predicate (definition 1.4) that ¢;* > "(A4;(g;))*". By the
convention on Godel numbering (remark 1.3), and since g¢; is a
subterm of A;(g;), it follows that ¢;* < Tg;*7 < T(A4;(g;))*™.
Hence

@1t > "(A2(q2)) 7 > g2* > T(A3(g3)) T > -
> g0 > T(AL(q) 7 > @

which is a contradiction.
[ |

The soundness of PFM follows from the three previous theorems.

2.2 Soundness with unification

The goal of this subsection is to investigate the close relationship be-
tween arithmetical interpretations and substitutions, and to prove the
soundness of PU with respect to arithmetical interpretations. We con-
sider only PU, the definitions and proofs for PUM are analogous.

First, we make some modifications of the common unification technique
to our language of labeled modalities. A well-written overview of this
topic is [8], where the notations used in this text are taken from. Those
readers who are familiar with substitutions, composition of substitu-
tions, and most general unifiers, can go directly to definition 2.8.
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2.4 Definition A substitution 6 is a finite set of the form {T} +
Ar,...,Th < Ap,qi < T1,..-,Gm  Tm}, where the T; are distinct
sentence variables, the g; are distinct proof variables, and each A; is a
modal formula different from T3, and each r; is a proof variable different
from g;. In the following an ezpression is a modal formula or a proof
variable. If E is an expression, then we write Ef for the result of
simultaneously replacing each occurrence of T; in E by A; and each
occurrence of ¢; in E by r; for i <n and j < m, respectively. If § and ¢’
are substitutions, then obviously § = ¢' iff E§ = E6' for every expression
E. The composition of substitutions § = {T1 + Ai,...,q1 < 71,...}
and §' = {T] « A},...,q + r},...}, denoted by 8 0 §' (66" for short)
is the substitution obtained by removing elements of the form 7T} + A
where T; € {T1,...} and ¢; + r}; where ¢; € {qi,...}, and those of the
form T; < T; and ¢; < g; from the set {7y « A160',...,q1 < r0',...}U
0'. Notice that composition is defined in such a way that (Ef6)o = E(f0)
and (uf)o = u(fo) for any expression E and substitutions u, 8 and o.

2.5 Definition An equation set S is a (possibly empty) set {E; =
Ei,...,E, = E|} of equations of expressions. A substitution 8 is called
a unifier of S iff E16 = E10,...,E,0 = E/#. Two modal formulas A
and B are called unifiable iff the equation set {A = B} has a unifier.

An equation set is in solved form if it is of the form {Th = A1,...,T, =
An,q1 =71,...,qm =T, } where A, ..., A, areformulas, 1, ..., 7, are
proof variables, and the T1,...,T, and qi, ..., ¢, are distinct sentence

and proof variables, respectively, which do not occur on the right hand
side of any equation. Such an equation set in solved form defines the
substitution {Th + A1,...,Tn < Apn,q1 & T1,.--,Gm < Tm}, which
clearly is a unifier of the set. Equation sets are called equivalent if they
have the same unifiers.

The following algorithm transforms any unifiable equation set S in an
equivalent equation set, which is in solved form. For any equation set
S that is not unifiable, the algorithm halts with failure.

2.6 Unification Algorithm Non-deterministically choose an equa-
tion from the equation set to which a numbered step applies:

1. = A = —B: replace by the equation A = B.
2. (A1 A A2) = (B1 A By): replace by the equations 4; = B; and
A2 = Bs.
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3. Op,A = O,B: replace by the equations p=¢ and A = B.

4. p; = p; or S; = S;: delete the equation.

5. A = B where A and B are both one of -C, C A D or 0,C but
have different principal connectives: halt with failure.

6. A = S; where A is not a sentence variable: replace by the equation
S; = A.

7. S; = A where A is not the sentence variable S; and S; has another
occurrence in the set of equations: if S; appears in A then halt
with failure (occurs check) otherwise replace S; by A in every
other equation.

8. p; = p; where ¢ # j and p; has another occurrence in the set of
equations: replace p; by p; in every other equation.

The algorithm terminates when no step can be applied or when failure
has been returned.

2.7 Lemma

(i) If the Unification Algorithm terminates by failure, then the equa-
tion set S has no unifier,

(if) If the Unification Algorithm does not terminate by failure, then it
terminates with an equivalent equation set S’ in solved form, and
if 6 is the substitution determined by S’ then

(a) 6 is a unifier of S,
(b) 6 is idempotent, i.e. 86 = 0,

(c) 6 is the most general unifier (mgu) of S, i.e. if p is another
unifier of S then there exists a substitution A with p = 6.

Proof (cf. [8])
|

For convenience we fix some arbitrary but deterministic variant of the
Unification Algorithm. Let 74,p be the mgu of A and B obtained by
this deterministic algorithm starting with the equation set {A = B}.

2.8 Definition Let A, B,C,D be formulas. Then

C=D (mod A=B) = Vo: (A8 =BO — CO= DY)
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Note that, if A, B are not unifiable then C =D (mod A= B) holds for
all C and B.

2.9 Lemma Let A, B,C, D be formulas such that A and B are unifi-
able. Then

C=D (mod A=B) = C71ap = D7aB

Proof Let C=D (mod A=B). Then C714,p = D74, p since 74,p uni-
fies A and B. Conversely if C74,p = D74,p and § is an arbitrary unifier
A and B then for some substitution A\, C8 = C14,pA = D1 A = D6.
|

2.10 Corollary The relation C=D (mod A= B) is decidable.
|

2.11 Definition If (:)* = (Prf(-,-),¢) is an arithmetical interpreta-
tion and if 4 is a substitution, then their composition ((-)8)* is defined
to be the arithmetical interpretation (Prf(-,-), ¢') where ¢'(z) := ¢(z0).

Arithmetical interpretations and substitutions are compatible in the
following sense:

2.12 Lemma Let (-)* be an arithmetical interpretation and let 6 be
a substitution. If (-)** := ((-)8)* then D** = (D@)* for all formulas D.

Proof Induction on the complexity of D:

— D is a sentence variable: By definition.

— D = —A: By the induction hypothesis A** = (460)*, so (=A)** =
—A** = —(A40)* = (-A)* = ((mA)F)*.

- D = A A B: By the induction hypothesis A** = (A6)* and
B** = (BO)*, hence (A A B)** = A** A B** = (A0)* A (BO)* =
(A6 A BOY* = ((A N B)§)*.

- D = 0O,A: By the induction hypothesis A** = (A0)*, therefore
(OpA)™ = Prf(p™,"A*7) = Prf((pf)*,"(46)"7) = (Hpe(A0))",
which is the same as ((0,A)8)*.
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2.13 Theorem Let A be a formula. Then
PUF A = PFEA

Proof It suffices to show that PF proves the axioms (A3;) and (A32):

(A3;) If A and B are not unifiable, then they are not syntactically
identical, thus PF F ~(0,A AO,B).

(A3y) Let A and B be unifiable.
1% case: A = B, thus 74,5 = ¢, and so F =G.
Trivially, PF - O, AANO,ANF = F.
27 case: A Z B. We get PF - —(0,A A0,B),
and so PFFO,AANO,BAF = G.

Of course, after the soundness and completeness results are established,
this theorem is a direct consequence of the fact that the theorems of PF
are all those formulas which are true under functional interpretations
that are injective, and the theorems of PU are the formulas which are
true under all functional interpretations.

[ |

2.14 Lemma Let A, B be modal formulas and let (-)* be an arith-
metical interpretation. If A* = B* then

(a) A and B are unifiable,
(b) ()" =(()7a,B)"-
Proof Run the Unification Algorithm 2.6 starting with the equation
set {4 = B} and observe that
— if the equation set S is reduced to S’ in one step then
N\  EBE*=E" iff N\ E=E*
(E1=E3)€S (E1=E3)€s’
(where E; and E» are expressions)

— if the algorithm terminates by failure with the equation set S then

/\ El* = EQ* is false.
(E1=E3)€eS
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It follows by induction that

(i) if the algorithm terminates by failure then A* # B*,
(ii) if the algorithm terminates successfully then A* = B*.

As (i) can not occur it follows that A and B are unifiable and for all
sentence variables S; and proof variables p;:

Si* (SiTa,B)*
p;" (pjTa,B)"
Finally, it follows by lemma 2.12 that E* = (ET4,)* for an arbitrary

expressions F.
|

2.15 Lemma Let A, B be formulas and o a substitution such that
Ao = Bo. Then there exists an interpretation (-)* such that A* = B*.

Proof Let the interpretation (-)** be defined as S;** := V;(z; =),
and p;** := 4. Then (-)* defined as S;* := (S;0)**, p;* := (pio)**, and
using the same proof predicate as (-)**, has the desired property, which
follows from lemma 2.12. Notice that (-)* is defined independently of
A and B, and that (-)** is injective, hence for for arbitrary formulas F'
and G, Fo = Go iff (Fo)** = (Go)** iff F* = G*.

|

The previous lemmas disclose a major difference between “i-functional
interpretations and syntactical identity” where we have

V*: A*=B* <= A, B areidentical
and “functional interpretations and unifiability” where we have

I*: A*=B* <<= A, B are unifiable

2.16 Soundness of PUU Let A be a modal formula. Then
PUE A = V*: TE A", and therefore
vV*: A* is true
Here, V* quantifies functional interpretations.
The soundness of PUM is proved in a similar way, using theorem 2.3.

Proof It remains to show that (A3;) and (A3s) are sound, so let (-)*
be a functional interpretation.
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(A3;) As A and B are not unifiable, it follows by lemma 2.14 that
A* # B*, so by the functionality of Prf(-,-), Prf(p*,"A*") A
Prf(p*,"B*7) is false, hence, as this formula is recursive, T
—(Prf(p*,"A*") A Prf(p*,"B*7T)).

(A32) 1%t case: T + Prf(p*,"A*™) A Prf(p*,"B*7). By the function-
ality A* = B*, thus by lemma 2.14 A and B are unifiable and
F* = (Frap)* = (Grap)* = G*. So T+ F* ¢ G*, and finally
T+ Prf(p*, A*7) A Prf(p*,"B*T) A F* — G*.
284 cage: T I Prf(p*,"A*7) A Prf(p*,"B*7). As Prf(,-) is re-
cursive, T & =(Prf(p*,"A*7) A Prf(p*,"B*7)), so again we get
TF Prf(p*,"A*") A Prf(p*,"B*") A F* — G*.



3 Completeness

The main aim of this section is to prove the arithmetical complete-
ness of our logics (i.e. the converse of theorems 2.1, 2.2, 2.3 and 2.16).
In the following subsection 3.1 the sequential versions Pg, PFg, PUg,
PMg, PFMg and PUMg (the G stands for Gentzen) of our logics are
presented. In subsection 3.2 it is shown that these logics are sound
w.r.t. their Hilbert style versions, and in subsection 3.3 these logics are
analyzed in a structural way (Saturation Lemma). Subsections 3.4 —
3.7 then deal with the arithmetical part of the completeness proof by
constructing arithmetical interpretations (countermodels).

The proofs for all systems go along the lines of the following diagram
(here for P):

Ve : (AT = VA)* is true & Ve: TH(AT =\ A)*

(%ﬂ (5)”

Prroa & pirroa & prATo VA

Here P; denotes the Gentzen style system Pg without the cut-rule.
Now, (1) is valid by the consistency of T, (3) holds by definition, and
(5) is the main result of the previous section. What remains to show
are (4) in subsection 3.2, and (2) in subsection 3.4 for P, in subsection
3.5 for PF, in subsection 3.6 for PU, and in subsection 3.7 for the logics
containing the Monotonicity Axiom.

As an immediate consequence of the relations shown in the diagram we
get the soundness and completeness of the proof systems with respect
to arithmetical interpretations:

3.1 Main Theorem for P, PF, PU, PM, PFM and PUM

e P is arithmetically sound and complete, i.e. for any modal for-
mula A:

PELA <— V*: TFE A* and moreover
= V*: A* istrue

e Pg is equivalent to P and admits cut elimination.
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And in consequence of the cut elimination theorem,
e P is decidable.
The same is true for PF, PU, PM, PFM and PUM, as well.

3.1 Gentzen style systems

In the following, a sequent is a formal expression I' O A, where I and
A are finite sets of modal formulas. If ' = A;,..., A, then AT :=
AN NAg,and if A = By,..., By, then VA =B V...VB.

3.2 Definition Pg, PFg, PUg, PMg, PFMg and PUMg are the
sequent calculi with axioms and rules of inference as follows:

e Sequent calculus for classical propositional logic
including the cut-rule.

ATOA P
. mlﬂ
e 0,A0,BD (A, B not unifiable)
. I(]i’j’f;] i;,ﬁ);“i ras  (A,B unifiable) “
« 0,4,0,B5 (A# B) p
o Oy A(g2), Og,A35(gs), - - -, Og, Arqn) D } M

As usual, A4;(g;) is a formula in which ¢; occurs, and the scheme M
includes the axiom Og.A45(¢1)D . Again, 74,5 is an idempotent most
general unifier of A and B which is obtained by a fixed but arbitrary
unification algorithm (e.g. algorithm 2.6). We call the new rule in P the
Reflexivity Rule, U the Unification Aziom and the Unification Rule, F
the Functionality Aziom and M the Monotonicity Aziom.

Pg is the system Pg without the cut rule; we use analogous definitions
for PFg, PUg , PMg, PFMg and PUM.

3.3 Example The following is a PUg -proof of —0,0,T for some
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proof variable p, starting with an instance of the Unification Axiom:
0,7, 00,75
Op0p T, 0,0, T D
0,0, T > .
D) ﬁDprT

ic

3.2 Soundness w.r.t. Hilbert style systems

3.4 Soundness of Pg, PFg, PMg and PFMg For each sequent
> A:
PgHT DA = PrAT-\/A

The same holds for PFg, PMg, PFMg and PF, PM, PFM, respec-
tively.

Proof Straightforward induction on the length of the proof of I' O A.
|

3.5 Soundness of Pz and PUMg For each sequent I' D A:
PUgFT DA = PurA\r-\/A
The same holds for PUMg and PUM.

Proof Using remark 1.10 it remains to show that the Unification Rule
is sound with respect to PU: Let PU - (O, AN AT = \V A)14,5. As
74,8 is idempotent (lemma 2.7), (O,AAO,BA AT = \V A)T4,B74,B
and (O,AAO,BA AT — \/ A)74, g are identical, so

OpAAD,BA (O, ANO,BAAT =\ A)rpp —
(0, ANO,BANAT =V A)

is an instance of (A33). As a consequence we get
PU O, AND,B — (O,ANT,BA \T = \/A)
which is equivalent to

PUFDO,AND,BA AT »\/A
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3.3 Saturations

3.6 Definition The sequent I' D A is called saturated, if the following
statements hold for all formulas A, B and for all proof variables p:

1. mA €Tl implies A € A,
2. A€ A implies A€eT,
3. AABE€T implies AeT and B €T,
4. AANB € A implies A€ A or BeA,

5. Op,A €Tl implies A€l .

3.7 Saturation Lemma for Pg, PFg, PMg and PFMg LetT' D A
be a sequent such that Pg; / I' O A. Then there exists a saturated
sequent I'' O A’ such that

i rcI',AcA,
(i) TUA and I"UA' have the same subformulas,
(iii) Py ¥ T' D A"

The same holds for PFg, PMg and PFMg in place of Pg, too. Fur-
thermore I'" D A is effectively computable from I' D A. SuchaI’ D A/
is called a saturation of I' D A.

Proof Thisis a fairly standard lemma. Here just a recursive algorithm
is given, which accepts a sequent as input and which saturates this
sequent provided it is not provable, otherwise the algorithm fails.

3.8 Saturation Algorithm Given I' D A, for each subformula S of
I' U A nondeterministically try to perform one of the following steps:

eif S=-A€cTland A¢ A, then A :=AU{A4}.
e if S=-AcAand A¢T, then T :=TU{A}.
e if S=AABeland A¢T or B¢T,then':=TU{A4, B}.
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eif S=AANBeAand A¢ Aand B ¢ A, then A := AU{A} and
branch, or A := AU {B} and branch.

o if S=0,Acl and A¢ T, then I':=T U {A4}.
e if T' D Ais a propositional axiom (i.e. if TNA # ), then backtrack.
In the case of PF and PFM:

e if I' D A is an instance of the Functionality Axiom (i.e. if there
are formulas 0,A4,0,B € I and A # B), then backtrack.

In the case of PM and PFM:

e if I' D A is an instance of the Monotonicity Axiom (i.e. if there
are formulas Oy, As(g2), Og, A3(g3), - .., Og, A1(q1) € T', where in
A;(g;) the proof variable ¢; occurs), then backtrack.

Properties of the Saturation Algorithm:
— Termination: there are only finitely many subformulas in ' U A
and at most two branches in each step.
— (i) and (ii) clearly hold.
— If the algorithm fails then each branch in the computation contains
an axiom, and so one can readily construct a proof of T' O A.

— If the algorithm succeeds then the resulting sequent IV D A’ is
saturated and not provable. Otherwise, assume that I D A’ is
provable and thus, as it is saturated, an axiom. Starting with
I 5 A’, and according to the saturation process, construct a
proof of I' D A.

3.9 Saturation Lemma for PlU; and PUMg Let I' D A be a
sequent such that PlUg I/ T O A. Then there exists a saturated sequent
I'" D A’ and a substitution o, such that

(i) Te CcT', Ao C A/,

(i) PPy YT/ DA
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The same holds for PUMg and PFMg, respectively. Furthermore IV D
A’ is effectively computable from I" O A.

Proof The Saturation Algorithms for Pidg and PUM g work similarly
to that for PFg and PFMg, the only new steps that have to be added
are:

o if 0,A,0,B €' and A, B are not unifiable, then backtrack.

e if 0,4, 0,B €l (A#B) and A, B are unifiable, then apply 74,5
to D A.

Additional properties of the Saturation Algorithm for PUg and PUMg:

— Termination: Each substitution 74, p; replaces at least one proof
or sentence variable, therefore there are only finitely many sub-
stitutions possible during the algorithm. After each substitution
there are only finitely many other saturation steps possible, too.

- If 74,,B;,--.,7TA,,B, are the substitutions applied during the sat-
uration algorithm (in that order), then let o := 74,,B, © T4,.B, ©
--- 074, B, As each substitution 74, p; is applied to the whole
sequent, clearly T'oc C I and Ao C A'.

- PFg W T' O A': Apply the Saturation Algorithm 3.8 for PFg
to I D A’. The algorithm succeeds immediately since TV O A’
is already saturated: It is not possible that O,4,0,B € I with
A # B as both cases (A, B unifiable, and A, B not unifiable) are
treated by the Saturation Algorithm for PUg. Hence IV D A’ is
not PFg -provable.

3.4 The general case

In this subsection, (-)* denotes an arbitrary arithmetical interpretation.

3.10 Main Lemma for P Let I D A’ be a saturated sequent which
is not Pg-provable. Then there exists an arithmetical interpretation
(-)* which makes all formulas in I true and all formulas in A’ false, i.e.

(/\ r'— \/A')* is false.
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Proof For the sentence and proof variables let (-)* be defined as:

T V(g # x) else.

pi* = 2

By induction on the complexity of a modal formula it follows that (-)*
is an injective arithmetical interpretation of the modal language.

We write AT” as

m J;

/\ /\ Dp,-Ai,j AT

=0 j=0
where I’ contains no formula of the form 0O, A.

By some variant of the arithmetical fixed point argument (Diagonaliza-
tion Lemma) we define a predicate Prf(-,-) —and this Prf(-,-) completes
the interpretation (-)* — which solves the following fixed point equation:
T proves
Prf(u,v) +— Vr<u [

u=2r+1 — Prf(r,v) A

u=2r - [ r=0 - V;iO(U:rAO’j*j) A

r=m - V;’:”O(v:rAm,j*j) A

r>m — v="VrVre(ze = z0)” ] ]

Note that Prf(-,-) may occur in each A4;;*, and remind that Prf(-,-) is
the Gddel proof predicate for T.

Our first task is to show that Prf(-,-) can be constructed in this way.
Let the formula F' be defined as

F(z,9,200,20,1,- > 2m,Jm) < Vrgac[
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r=2r+1 — Prf(r,y) A
x=2r - [ r=0 - V;io(y:zo,j) A

: .
r=m — V% =2zm;) A
r>m — y="VreVre(ze = 20)" ] ]
and let Sb; ;(a,b) be a standard term corresponding to the primitive
recursive function, determined by the following specification:

If a is the Godel number of a formula B(z, y, z) then consider
the interpretation (-)** := (B(z,y,b), ¢) where ¢ is defined
on proof and sentence variables identical to (-)* and let

Sbi,j (a, b) = I‘Ai’j**‘l

Finally let

B(w,y,z) = F(l',y,Sbo’o(Z,Z),Sboyl(Z,Z),---,Sbm,Jm(Z,Z))
g = "B(z,y,2)"
Prf(z,y) = B(z,y,9)
Now observe that Sb; ;(g,9) ="A4;;*" asif a=b=g then
()™ = (B(z,9,9),9)
= (Prf(z,y),9)
= O

So it follows that

PTf(.’lZ',y) = B(:L';y;g) = F((E,y, SbO,O(ng)J SbO,l(ng)J sy SbM,Jm (gag))

which is provably equivalent to

* * *
F(z,y,"Aoo" ", 401" .., Am g, )

Hence this so-defined Prf(-,-) is a solution of the fixed point equation

above.

Our next task is to show that (-)* has the desired properties, i.e. that (-)*
makes all formulas in I true and all formulas in A’ false, and afterwards
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the proof is completed by the observation that Prf(-,-) really is a proof
predicate.

Let D be a modal formula from I U A’. As Prf(-,-) is recursive, D* is
a closed, recursive arithmetical formula, and

D*istrue <= Tk D*
D*isfalse <«<— TVWF-D*

By induction on the complexity of D it follows that:

Del' = D*istrue
DeA' = D*isfalse

D = S; €I": D* =Vz;(x; = z;) is true.

- D =_5; € A": D* =Vuz;(x; # ;) is false.

D=-A€el": AsT'" > A is saturated, A € A’. By the induction
hypothesis A* is false, hence (—A)* is true.

D=-Ae€A": AsT'" D A’ is saturated, A € I'. By the induction
hypothesis A* is true, hence (—A)* is false.

D = (AAB) e T': AsT' D A’ issaturated, A € I' and B € T". By
the induction hypothesis both A* and B* are true, hence (A A B)*
is true.

D = (AAB) € A": AsT' D A’ is saturated, A € A’ or B € A'. By
the induction hypothesis A* is false or B* is false, hence (A A B)*
is false.

D = Dp,-Ai,j eI': (DpiAi,j)* = PTf(2i,rAi’j*j) is true by the
fixed point equation.

D =0,B e A’ for some i <m: (O, B)* = Prf(2{,"B*") is false
by the fixed point equation as "B*1 # T A, ;*7 for any j < J;.
Here is made use of the fact that I and A’ are disjoint.

D =0,,C € A’ for some i > m: (0,,C)* = Prf(2i,"C*") is false
by the fixed point equation since there exists no modal formula C'
such that "C*7 = "VaoVzo(zo = 20) 7 .

It remains to show that Prf(-,-) can be used as a proof predicate in T:

Tk = dn € N: Prf(n,"¢7) is true
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Let T F . By the definition of the Godel proof predicate Prf(-,-) there
exists an ng € N such that

P;‘if(ﬂo, I_(p—l)
holds, thus by the fixed point equation
Prf(2no + 1,797

Conversely, if Prf(ng,"¢") is true for some ny € N, we consider the
following three cases:

1% case: ng = 2k + 1. If Prf(2k + 1,7¢™) then by the fixed point equa-
tion Prf(k,"¢™), hence T F .

2"d case: ng = 2k and k < m. By the fixed point equation "¢ =
TAy ;"7 for some O, A ; € I'. Then, by the injectivity of the
Godel numbering ¢ = Ap;*. But Ag; isin IV as I" D A’ is
saturated, and thus ¢ is true and provable in T.

34 case: ng = 2k and k > m. It follows ¢ = VxoVzo(zg = 2¢) from the
fixed point equation. Trivially T F .

So Prf(-,-) is a proof predicate for T and the Main Lemma for P is
proved. Even something more has been proved, namely that there exists
an arithmetical interpretation which makes all formulas in I’ provable
and all formulas in A’ refutable, i.e.

TE-(AT =\ )

3.11 Corollary Let I' D A be a sequent. Then

v* (/\I‘—)\/A)* is true = PgFTDA

Proof Assume that Pg I/ T D A. By the Saturation Lemma 3.8 there
exists a saturated sequent I' O A’ which is not Pg -provable. Hence by
the Main Lemma 3.10 for P there exists an arithmetical interpretation
(-)* which makes AT' — \/ A’ false. But as I’ C I and A C A/, this
interpretation falsifies also AT — \/ A.

|
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So the last gap in the diagram at the beginning of this subsection has
been filled, and thereby all claims of the Main Theorem 3.1 for P are
proved. For the decidability of a formula A, apply the saturation algo-
rithm 3.8 for P to the sequent D A. If the algorithm finds a saturation
then there exists an arithmetical interpretation which makes A false,
otherwise A is true in all arithmetical interpretations.

Notice that the Reflexivity Rule cannot be replaced by the logically
equivalent axiom O,A4 D A while preserving the cut-elimination the-
orem. It would not be possible to eliminate the cut in the following
proof:
O,0,AD0,A 0,ADA
O,0,AD A

cut

3.5 Completeness with i-functionality

This subsection is devoted to the modal system PF which corresponds
to i-functional arithmetical interpretations. In this subsection, (-)* al-
ways denotes such an interpretation. The proofs go along the lines of
the previous subsection on the basic system P.

3.12 Main Lemma for PF Let I D A’ be a saturated sequent which
is not PFg -provable. Then there exists an i-functional interpretation
(-)* which makes all formulas in I'' true and all formulas in A’ false, i.e.

(AT = \/ A" is false.

Proof For the sentence and proof variables let (-)* be defined as in
case of P, namely:

[ sz(x, = ;L'@) if S; € F',
¢ T sz(xz 75 .Z'z) else.
pi* = 2

Again it follows that (-)* is an injective arithmetical interpretation of
the modal language.
Now write AT" as

m
/\ O, A; AT
1=0
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where I'"" contains no formula of the form 0O, A. This notion is possible,
as, due to the saturation and non-provability of I D A’, there exists
no proof variable p such that both 0,4 and O,B are contained in I
for distinct formulas A and B.

The fixed point equation for Prf(-,-) is a special case of that for P: T
proves

Prf(u,v) <+— Vrﬁu[

u=2r+1 — Prf(r,v) A
u=2r — [ r=0 = ov="A4y"" A

r=m — v="TA4,*" A

r>m — v="VroVre(ze = zo)” ] ]

Obviously, Prf(-,-) is functional.

The remaining part of the proof is exactly as in the case for P, and
again it is clear that this interpretation (-)* even has the property that

TE=(AT =\ A

3.13 Corollary Let I' D A be a sequent. Then
ver (AT = \/A) is true - PFg DA

So we have proved the Main Theorem 3.1 for PF. For the decidability
of a formula A, again, PF + A iff the Saturation Algorithm 3.8 for PF
fails to find a saturation of D A.

3.6 Completeness with unification

The goal of this subsection is to show that PU is complete with respect
to functional arithmetical interpretations that are not necessarily injec-
tive. The proof is based on the Main Lemma 3.12 for PF. Up to the
end of this subsection, (-)* denotes a functional interpretation.
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3.14 Main Lemma for PU/ Let I' D A be a sequent. Then

v (AT = \/A) s true = PU; FT DA

Proof Let PlUz i/ T' O A. According to the Saturation Lemma 3.9
for PlUg there exists a saturated sequent I D A’ which is not PF -
provable, and a substitution o such that T'e C I' and Ao C A’ (i.e. if
D €T then Do €TV, and if D € A then Do € A').

From the Main Lemma 3.12 for PF it follows that there exists an injec-
tive interpretation (-)* such that:

Del' = D*istrue
DeA' = D*isfalse

Let (-)** := ((-)o)*. Notice that (-)** is not necessarily injective. Now
if D € T then D** = (Do)* is true since Do € I, and if D € A then
D** = (Do)* is false since Do € A'. Therefore (AT — \/ A)** is false,
and again it is clear that even TF (AT — \ A)**.

|

The following theorem is another consequence of the Completeness The-
orem and the Saturation Lemma for Pl:

3.15 Theorem Let A be a formula, then:
PUFA << VYo: PFF Ac

Proof Let PU F A and let o be a substitution. Consider (-)** :=
((-)o)* where (-)* is an arbitrary arithmetical interpretation. From
PU + A it follows that A** thus (Ao)* is true for each interpretation
(1)*. As PU is arithmetically complete it follows PU F Ao, and so by
theorem 2.13, PF + Ao. Conversely, if PU I/ A then PU; I/ D A, and
therefore by the Saturation Lemma 3.9 for PUg there exists a sequent
I O A" with PF; I/ T' D A" and a substitution o such that Ao € A'.
By weakening PF; /D Ao, thereby PF I/ Ao.

|

Notice that Vo : PF F Ao is not equivalent to PF F A since PF is not
closed under substitutions:

PF F =(0,50 AOpS1),
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but

PF Y (0, TAO,T).
So the theorems of PU are exactly the theorems of PF for which the
substitution property holds.

But also the system PU has a peculiarity: the subformula property
does not hold for it. The formula O, T in the following proof is such an
example:
0,T,0, T D>0,T
0,50, 0, T, 0,450 D 0,50

{S(] {—T}

3.7 Completeness with monotonicity

In this subsection we first prove the Main Lemma for PFM /PUM and
then for PM. As a further consequence of the completeness proofs we
get that for PFM /PUM an arbitrary functional and monotonic proof
predicate can be fixed, and PFM/PUM is sound and complete with
respect to all interpretations which use this fixed proof predicate. This
property holds in particular for the Gddel proof predicate. The same is
true for PM and a special monotonic proof predicate, which is based on
the nonfunctional Gédel proof predicate. So PM and PFM/PUM are
not only some other specializations in the studies of proof predicates,
but they differ in a fundamental property from P, PF and PU.

We prove completeness only for PFM and not for PUM.

3.16 Main Lemma for PFM Let I' O A’ be a saturated sequent
which is not PFMg-provable. Then there exists an i-functional and
monotonic interpretation (-)* which makes all formulas in IV true and
all formulas in A’ false, i.e.

(/\ r— \/A')* is false.

Proof Due to the Monotonicity Axiom this lemma can and has to
be proved in a rather different and somewhat simpler way compared to
P, PF and PU: The O is interpreted independently from IV D A’ as a
fixed functional and monotonic proof predicate. On the contrary, the
proof variables cannot be interpreted in a fixed way any more as section
4 about uniformity demonstrates; they are defined stepwise by means
of an ordering on the proof variables defined below.
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The binary relation < is defined on the proof variables occurring in
IMUuA' as:

p<q :<= there exist proof variables ¢=¢i1,...,¢,=p (n >1)
such that Dq1A2 ((IQ), caey an_lAn(Qn) c I

This relation is a strict, well-founded ordering on the proof variables:
It is irreflexive, since if Oy, A2(g2), ..., 0q,_, A1(q1) € I, then PFMg +
I D A’. The transitivity follows directly from the definition, and the
relation is well-founded as I" D A’ contains only finitely many proof
variables.

The function s(-) is defined on the proof variables occurring in TV U A’
as:

(p) = 1+ max{s(q) | ¢ < p} if there exists some g < p,
W)= else.

It is clear that s(-) is well-defined for all proof variables occurring in
I U A’. In particular, s(p) = 1 for all isolated and minimal (with
respect to <) proof variables p, e.g. for all those which do not occur in
I". Next s(A) is defined for all formulas A occurring in I U A':

s(A) 1= 0, if no proof variable occurs in A,
" | max{s(p) | pis a proof variable which occurs in A}, else.

Again, it is clear that s(-) is well-defined. The main property that is used
in connection with this ordering is, that if 0,A € I and s(0,4) = k
then s(A) < k.

The interpretation (-)* is defined for sentence variables as:

R V;t:,(w, = .CE,) if S; € FI,
¢ T V;E,(w, 7£ .CE,) else.

So the interpretation of a modal formula is recursive. As mentioned
before, the O is interpreted as an arbitrary functional and monotonic
proof predicate, for example the Go6del one:

(OpA)" = Prf(p","A™7)

By induction on & and for every formula D contained in I U A’ such
that s(D) = k,
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(i) we define D*, i.e. we fix the interpretation for all proof variables
occurring in D,

(ii) we prove that D has the following property:

Del' = D*istrue
DeA' = D*isfalse

If D is a sentence variable or a boolean combination of formulas then
(i) and (ii) are proved by straightforward induction on the complexity
of D, using that I D A’ is saturated and not an axiom.

induction base: s(D) =0, so D is O-free and D* is independent from
the interpretation of the proof variables, thus well-defined.

induction step: Let (i) and (ii) be fulfilled for every formula E such
that s(E) < k, and let D be of the form O,, A with s(D) = k. As
I" D A’ is not provable hence not an axiom, if Oy, A € IV then
O,,A ¢ A" and there is no O,,B in I'" when A and B are distinct.

If 0O,,A € T' then A € T" and s(A) < k. Hence A* is a true
recursive formula and so T - A*. Let p;* be the Gédel number of
a proof of A* in T. So (O,,A)* = Prf(p;*,"A*7) is defined and
true.

If 0,,A € A" and O0,,B € T" for some modal formula B then
p;* is already defined and (O,, A)* = Prf(p;*,"A*7) is false, since
Prf(-,) is functional (lemma 1.5) and p;* is the Gdel number of
a proof of B* which is different from A*.

If O,,A € A" and there is no modal formula B such that O0,,B €
IV then let p;* be the Godel number of a proof of the sentence
VoVz;(z; = ;) in T. So (0,,A)* = Prf(p;*,"A*7) is defined and
false, as Prf(-,-) is functional (lemma 1.5) and there is no modal
formula A such that "A*7 = "Vg;Vx;(z; = x;)7.

The induction is done and we have shown that for every modal formula
D contained in IV U A', if D € T' then D* is true, and if D € A’ then
D is false. Therefore (AT — \/ A’)* is a false recursive formula and
thus not provable in T.

|

It is clear that not only the Gddel proof predicate Prf(-,-) can be used
as a fixed proof predicate for the interpretation (-)* but any functional
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and monotonic one. So additionally to the Main Theorem 3.1 for PFM
we have proved the following uniformity result:

3.17 Theorem Let Prf(-,-) be a functional and monotonic proof
predicate. Then for every formula A:

PFMEA <« Tk A* for each injective (-)* based on Prf(-,-)

The same also holds for PUM, if (-)* is not required to be injective.

The last goal in this subsection (and section) is to prove completeness
for PM, too. The proof is very similar to that for PFM, but we have
to solve a problem related to the following observation: The language
of labeled modalities under the interpretation of O,A as “p is a proof
containing A” is powerful enough to express certain details of proofs
in T. For example the formula O,(A A A) — O,A states under non-
functional interpretations that each proof of A A A contains a proof of
A. Even though there exist particular axiom systems for T for which
this principle is valid, it is in general not true. So for the completeness
proof for PM we have to consider proof predicates, which have no such
special properties. In [4] it is demonstrated that for this purpose it is
possible to use an ordinary Hilbert style proof system in T, provided
that we make some weak assumptions. In this text we suggest are more
general solution for this problem, without having to be concerned with
the structure of proofs in T.

3.18 Main Lemma for PM Let I D A’ be a saturated sequent
which is not PMg-provable. Then there exists a monotonic interpre-
tation (-)* which makes all formulas in I' true and all formulas in A’

false, i.e.
(/\ ' — VA')* is false.

Proof The proof is essentially the same as the proof of the Main
Lemma 3.16 for PFM. The only difference is that due to the lack of
functionality, I'" may contain several distinct formulas O, A;, ..., O,A,.
So p* must be chosen to be the Godel number of a proof which contains
A%, .. AR but no B* if O,B € A'. Again, define

[ - V(ll’,(.’ll’z = .’L'z) if S; eI,
¢ T V.TL‘,(.TL'»L ;'é .CL'»L) else.
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3.19 Lemma Let ¢;,...,¢,, be provable in T. Then there exist a
monotonic proof predicate Prf(-,-) and infinitely many (Gédel number
of) proofs, such that for each (Godel number of a) proof n:

e Prf(n, ;") is true for each ¢; (1< < m).

e Prf(n,” A*7) is false for each modal formula A and interpretation
(1)* based on Prf(-,-), such that A* Z p; (1<i < m).

Proof Let (zi,...,zx) and (z), be primitive recursive terms for pairing
(for an arbitrary number of arguments) and projection. Remind that
Prf(-,-) is the nonfunctional Godel proof predicate (definition 1.5), and
let n € N be such that Prf(n,"¢17), ..., Prf(n, ¢, 7) hold. Clearly,
there exist infinitely many such numbers n.

We regard now (n,m, ("¢17,...,"on ™)) as a proof for ¢y, ..., ¢, (and
only for ¢1,...,¢m), by defining the recursive predicate Prf(,-) as

Prf(z,y) == I ,m/,d <z |
=) Am =) Ad=(z)s A
Prf(n',y) A
Fi<m': y=() ]

Obviously, Prf(-,-) has the desired properties, i.e.
~ Prf(-,-) is monotonic as (n,m,("¢17,...,"@m ")) > n (cf. remark
1.3), and Prf(-,-) is monotonic,
— foreach p; (1<i <m), Prf({n,m,{"p17, ..., "om ")), "; ) is true,
—if A* £ ¢; (1<i < m), then Prf({n,m,{"p17 .., "om M), "@;7) is
false.

It remains to show that Prf(-,-) is a proof predicate in T:
Tk = dk € N: Prf(k,"¢") is true

Let Prf(k,"¢7) be true for some k& € N. By the definition of Prf(-,"),
Prf(n',"¢7) holds for some n' € N, thus, as Prf(-,-) is a proof predicate,
TF .

Conversely, if T F ¢ then let n be the Godel number of a proof of ¢
by means of Prf(-,-), i.e. Prf(n, ) is true. Let k := (n,1,(T¢™)).
Clearly, Prf(k,"¢™) holds.

|
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To continue the proof of the Main Lemma 3.18, we define D* by induc-
tion on s(D) and prove that if D € I then D* is true, and if D € A’
then D* is false.

The interpretation of the proof variables has to be done in a way, such
that injectivity is guaranteed. This can always be achieved as each
provable formula has infinitely many proofs by lemma 3.19. So together
with the interpretation of the sentence variables, (-)* is an injective
interpretation.

The cases where D is a sentence variable or a boolean combination of
formulas are straightforward. For the induction step let D = O, A with
s(D) = k.

- If 0, Ay,...,0pA, €I' then for each j, A; € I" and s(4;) < k.
Hence A; is a true recursive formula and so T + A;*. Let p;* be
a Godel number of a proof of A1*,..., A" by lemma 3.19 . So
(Op; Aj)* = Prf(p;*,"A;*7) is true.

- If 0,,A € A" and there exist formulas Oy, By,...,0p, By, in T'.
Then p;* is already defined and A* is different from each B;
due to the injectivity of (-)*. Hence by lemma 3.19, (O, A)* =
Prf(p;*,"A*7) is false.

-~ If O0,,A € A’ and there is no modal formula B such that 0,,B €
IV then let p;* be a Godel number of a proof of the sentence
VaVx;(x; = x;) by lemma 3.19 . As there exists no modal formula
A such that "A*7 = "Vz,;Vz;(x; = z;)7, it follows that (O,,A)* =
Prf(p;*,"A*7) is false.

Therefore (A" — \/ A’)* is a false recursive formula and thus not prov-
ablein T.
|

Again, the Main Theorem 3.1 for PM is proved, and a fixed monotonic
proof predicate was used. So we get the following uniformity result:

3.20 Theorem There exists a monotonic proof predicate Prf(-,-)
such that for every formula A:

PMFEA <« Tk A* for each (-)* based on Prf(-,-)
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4 Uniformity

With respect to the uniformity theorems 3.17 and 3.20 for PM, PFM
and PUM, it is a natural question whether there exist uniform proof
predicates for P, PF and PU too, i.e. whether there exists a fixed proof
predicate Prf(-,-) under which for every modal formula A (here for P)

PEHA = v*: TE A"

So in this case V* quantifies only proof and sentence variables. Uniform
proof predicates are in a certain sense proof predicates without any
special properties. For example, a uniform proof predicate for P may
not be functional for obvious reasons. The main result of this section
is that such uniform proof predicates do exist. The construction of a
uniform proof predicate for PF is described in the following; the cases
of P and PU can be treated in a similar way.

4.1 Theorem There exists a functional proof predicate Prf(-,-) such
that for every modal formula A:

PFHA <= TF A* for each injective (-)* based on Prf(-,-)

Proof If PFF A then it follows by theorem 2.2 that T + A* for each
i-functional interpretation (-)*. Trivially T F A* holds also for each
interpretation, which has Prf(-,-) as its functional proof predicate. So
assume that A is not PF-provable. The proof will follow the outline of
the proofs for theorems 3.10 and 3.12, but in this case the fixed point
equation must be independent from A.

From the proof of Lemma 3.7 it follows that the saturation algorithm
for PF is primitive recursive, i.e. that PF is primitive recursive. Let
Ag, A1, ... be a primitive recursive list of all formulas not provable in
PF, and let Tg D Ag,I'1 D Aj,... be a primitive recursive list of
sequents such that for every ¢, I'; D A; is a saturation of D A4;. Let
<-,-> be a primitive recursive pairing function and let ()1, (-)2 be the
corresponding projection functions. Let C(z) be a natural formalization
of

“There exists a modal formula B such that Op, ., B € I'5,”.

Note that such a formula B is unique since I'(,, D A(;y, is PF-saturated.
Moreover, C(z) is primitive recursive, since the existential quantifier
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occurring in it can be bounded primitive recursively in z (cf. remark
1.3). The construction of Lemma 3.12 gives primitive recursively, for
each formula A,,, a proof predicate and an interpretation of the sentence
and proof variables such that A,* is false.

For each n let the interpretation ¢, of the sentence and proof variables
be defined as:

N Vai(zi=x)  if S; Ty,
balSs) = { yoila ) 1S
On(pi) == 2-<n,i>

Notice that the interpretation of both proof and sentence variables de-
pends from n. The predicate Prf(-,-) can now be defined by the follow-
ing fixed point equation: T proves

Prf(u,v) «— Vr<u [

u=2r+1 — Prf(r,v) A

u=2r - [ C(r) - v ="B*7 for the formula B
such that Op, B € I, and the inter-

pretation (-)* = (Prf(-, Vs D(r)1)-
=C(r) = v="VzoVzo(zo = 20)" ]

4.2 Lemma Let D be a modal formula contained in T',, U A,,. Then

DeTl, = D*"istrue
DeA, — D*isfalse

Proof Induction on the complexity of D:

— D is a sentence variable: by the definition of (-)*.
— The case of the Boolean connectives is straightforward.
- D=0,Be€Tl,. Then

(Dlh‘B)* = I/DH(Z,<”7Z'>7I‘B*‘I)

is true according to the fixed point equation.
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- D =0,B € A,. Then C(K n,i >) is violated, and "B*" =

"VxoVzo(zo = o) is also false as there exists no formula B such
that B* = VxoVxo(xo = x¢). Therefore Prf(2-<n,i>,"B*7) is
false, too.

4.3 Lemma

(a) Prf(-,-) is primitive recursive and functional.

(b) Tk ¢ < Prf(n,"¢") for some n € N.

Proof

(a)

Observe that the right side of the fixed point equation is provably
equivalent to a primitive recursive formula because all the quan-
tifiers in the descriptions of functions and predicates are bounded
by the corresponding primitive recursive functions. Thus Fﬁ(, 2)
is primitive recursive. Clearly, Prf(-,-) is also functional.

Let T F ¢ and let m be the G&del number of a proof of ¢ in T.
Then Prf(m, ™) holds and thus Prf(2m + 1, ¢™). Conversely,
let Prf(k, ") for some k.

If k = 2m + 1 then Prf(m, ™) holds, so m is the Gédel number
of a proof of ¢, hence T I .

If kK = 2m and C(m) then ¢ = D* for some modal formula D
such that D € 'y, and the interpretation (-)* corresponding to
Tim); D A(m),- By lemma 4.2, D* is a true primitive recursive
formula; again T F ¢.

If ¥ = 2m and not C(m) then ¢ = VaoVze(zo = x0) and so
trivially T F .

Thus theorem 4.1 is proved.

This proof predicate Prf (-, -) is also uniform for the truth interpretation
of PF, i.e. for every modal formula A:

PFHA <=  A*is true for each injective (-)* based on Prf(-,-)
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After the uniformization of the proof predicate in P, PF and PU, the
question arises whether it is also possible to choose a fixed interpretation
for the sentence or proof variables. Such kind of uniformity for the
Provability Logic GL has been established independently in [1, 2], [6],
[9] and [12]. This question will be answered up to the end of this section.

To recall the definition, each interpretation (-)* consists of three parts:

(i) a (functional and/or monotonic) proof predicate Prf(-,-) for T,
(ii) an evaluation «a of proof variables as natural numbers,
(iii) an evaluation 8 of sentence variables as sentences of T.

So the completeness theorem 3.1 states among others that
VA: 3,8, Prf(-,): (THA* = P/PF/PUL A)
Theorem 4.1 shows that also
APrf(,-): YA: 3a,6: (THA* = P/PF/PUFE A)

The proofs of theorems 3.10 and 3.12 show that the interpretation «
of the proof variables alone is uniformizable in P, PF and PU (e.g.
p;i*=2i). The completeness theorems can therefore be formulated as

Ja: VA: 3B, Prf(-,-): (TFA* = P/PF/PUK A)

It is not possible to use a uniform proof predicate in addition to a.
Assume that

Ja, Prf(-,-) : YA: 38: (TFA* = P/PF/PUF A)

and let @ be such an o and Prf(-,-) be such a Prf(-,-). As P/PF/PUVY
O, T it follows that T I Prf (p2, " T*7) and then T F —Prf (p&, "T*7).
But this is equivalent to P/PF/PU + —Op, T, which is known to be
false.

The interpretation a of the proof variables is not uniformizable in the
case of the monotonic logics PM, PFM and PUM. Assume that

Ja: VA: 3B,Prf(-): (TFA* = PM/PFM/PUM F A)

and let @ be such a fixed a. Let A be a formula —-0,,B with B :=
TATA...AT such that "B*™ > p*. As PM/PFM/PUM / -0, B,
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it follows that there exists a monotonic proof predicate Prf(-,-) such
that T t/ =Prf(p, B*7) which is equivalent to T F Prf(p2, B*7).
But a consequence of Prf(poa,'_B*j) is that po67 > TB*7, which is a
contradiction.

The interpretation 3 of the sentence variables is not uniformizable at all.
To avoid repetitions, we present the proofs only for P. The arguments
and results remain the same for the other logics, too.

Assume that
38: VA: Ja, Prf(-,-): (THA* = PFEA)
and let B\ be such a fixed 8. As P I/ ~0,,Sy, this implies that
30, Pif () T =Prf (", S5
which is equivalent to
3o, Prf(-,-) : TF Prf(pe®,"S8)

from which follows that T + Soﬁ. As a consequence,

~

Va, PTf(', ) 2 T |71 P'I‘f(poa, r_|5051)

hence

-~

Ya, Prf(-,-) : TF =Prf(p,®, ™SS

which implies P I —0,, S5y, but again this is known to be false.

The situation can therefore be summarized as follows:

In the cases of P, PF and PU one can either choose a uni-
form proof predicate as ﬁﬁ (+,-) in this section, or one can
choose a uniform interpretation of the proof variables as in
the last section.

In the cases of PFM and PUM every functional and mono-
tonic proof predicate is a uniform one, and in the case of PM
such a predicate exists. But due to the Monotonicity Axiom
the uniformization of the proof variables is not possible.

All other combinations of uniformization, including those of
the sentence variables, are not possible.
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5 Syntactical models

The goal of this section is to provide the Basic Logic of Proofs with
syntactical models and then in the next section to investigate some
basic properties, mainly concerning fixed points.

As none of these logics is closed under the labeled necessitation A +
OpA, or under the substitution rule A <+ B F O,A ¢ O, B, the usual
technique of Kripke models cannot be applied here.

5.1 Definition Let w be a set of quasiatomic formulas. We define
the consequence relation w = A (read: A is true in w) for all formulas
A as follows:

ewpkEA iff Acew (when A is quasiatomic),
e wE-A iff not wE A,
ewl=AAB iff both wkEA and wf B.

A P-model (or just model) is a finite set w of quasiatomic formulas such
that

o if 0,A € wthen w = A.
A PF-model is a model w such that
o if 0,A,0,B € wthen A= B.
A PU-model is a model w such that

e there exists an underlying PF-model w' and a substitution o, such
that for all formulas A: if w |= A then w' = Ao.

In this case we say that w is based on w' and o.
A PM-model is a model w such that

e the relation ¢1 <¢2 < Oy, A1(q1) € w (defined on the proof vari-
ables) is cycle-free. Again, A;(¢1) denotes a formula in which ¢;
occurs.

A PFM-model is a model which is both a PF- and a PM-model.
A PUM-model is a PU-model w which is based on a PFM-model w'.

We write P = A iff w |= A for all P-models w; analogously, PF |= A iff
w |= A for all PF-models w; etc. Note that if B is a (boolean) tautology,
then w |= B for each model w. Notice also, that if w is a PU-model
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based on w' and o, then for all formulas A, w |= A iff w' | Ao: From
w £ A follows w = —A, hence w' |= —~Ac, and so w' £ Ao.

Thus, P-models correspond to arbitrary interpretations, PU/-models to
functional interpretations (letter /), PF-models to those functional in-
terpretations that are injective (letter F), and PM-models to monotonic
interpretations (letter M).

5.2 Example
(i) P =0O,A — A for every formula A: Let w be an arbitrary model.
Then w E 0,4 — A, as from w = 0,4 follows 0,4 € w, hence
wE A
(if) P}~ So — 0,80 Let w:= {So}. Then w = Sy, but w = 0,5,.
(iii) P f= OpA for any formula A: Let w := 0.

5.3 Example Let w := {Op,—0,, So, Op,—0p, S1,50,51}. Then w
is a PU-model based on the PF-model w' = {0,,—0,, S, So} and the
substitution o = {S; + Sp}. As w' is a PM-model, w even is a PUM-
model. Notice that the model @ := {0O,,—0,, So, Op,—0p, S1,S0} is a
subset of w, but is not a PU-model.

The aim of the next two subsections is to show that for each formula A:

PHA = PEA
PFEA = PFEA
PUMFE A = PUM = A

Soundness and completeness for P, PF, PM and PFM are proved using
the technique of canonical models in subsection 5.1, the systems PU and
PUM are handled separately in subsection 5.2 .

5.1 Models without unification

The following definitions and results are fairly standard (cf. [7], pp.
9-12), so the proofs are not given in all details.

As usual we call a formula P-consistent if its negation is not P-provable;
we call a set of formulas P-consistent if the conjunction of any finite
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subset is. A set of formulas M is said to be mazimal iff for every
formula A, either A € M or —A € M. A mazimal P-consistent set
(P-MCS for short) is a set which is both maximal and P-consistent.
The same definitions are used for PF, PM and PFM, too.

We assume familiarity with the following:

5.4 Lindenbaum’s Lemma Any consistent set of formulas can be
extended to a maximal consistent set.

5.5 Lemma Let M be a P-MCS, then

(1) ~AeM iff A¢gM,
(2) ANBe M iff Ae M and Be M,
(3) 0,4 € M implies A€ M.

If M is a PF- or a PFM-MCS then
(4) 0,4,0,B € M implies A= B.
If M is a PM- or a PFM-MCS then

(5) therelation g1 <¢2 & Oy, A1(q1) € M (defined on the proof vari-
ables) is cycle-free. Again, A;(¢q1) denotes a formula in which ¢;
occurs.

Proof (1) and (2) are standard properties of MCSs. For (3) we use
the Reflexivity Axiom, together with the standard property of a P-MCS
M thatif PH A — B, and A € M, then B € M. (4) and (5) are shown
in a similar way.

|

5.6 Lemma Let A be a formula. Then P + A iff A is contained in
all P-MCSs. The same holds for PF, PM and PFM.

Proof If Pl A, ie. if {-A} is consistent, then there exists a P-MCS
M which contains - A, hence M does not contain A. If M is a P-MCS
which does not contain A, then -A € M. As each subset of a consistent
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set is also consistent, {—A} is consistent, i.e. P I A. The same argument
is valid for PF, PM and PFM, too.
|

5.7 Soundness of P, PF, PM and PFM. For each formula A:
PEA = PEA
The same holds for PF, PM and PFM.

Proof If w is a model, then let w := {A | w | A}. We show first,
that if w is a P-model such that w = A, then w is a P-MCS which
contains A (and that the same holds for PF, PM and PFM, too):
By definition, w is maximal, and w contains A. Now assume that w
is not P-consistent, i.e. there exist formulas A;,..., 4, € W in such
a way that P - —=(41 A... A A,). From Ay,..., A, € w follows that
wEA AN ANA, de w E (A AL ANA,). We show that for each
formula B, if P + B then w = B, by induction on the length of the
derivation:
— The cases where B is a (boolean) tautology, or B has been con-
cluded by modus ponens, are straightforward.
— If B is an instance of the Reflexivity Axiom then w = B by
example 5.2 (i).
— The cases of PF, PM and PFM are shown in an analogous way.
To conclude the proof of the lemma, let P [£ A, i.e. there exists a
P-model w, such that w = —A. Thus @ is a P-MCS which contains
—A, and so W does not contain A. By lemma 5.6, P I/ A. The same
argument is valid for PF, PM and PFM, too.
|

Notice that in the proof of lemma 5.7, if w is a model then w contains
the same quasiatomic formulas as w. Let w be a PM-model. As w is
a finite set, < (defined on w as g1 < g2 & Oy, A1(g1) € w) is not only
cycle-free but also well-founded. From this follows that < defined on
w is well-founded, too. This observation can be used for constructing
arithmetical interpretations in the cases of PM, PFM and PUM (cf.
lemma 3.16).

5.8 Lemma Let M be a P-MCS which contains the formula A. Then
there exists a P-model w such that w = A. The same holds for PF,
PM and PFM, too.
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Proof Let w be the set of all quasiatomic formulas which are in M,
and which are subformulas of A. Clearly, w is finite. If B is a subformula
of A, then it follows by induction on the complexity of B, that B € M
iff w | B: If B is quasiatomic, then by definition, B € M iff w | B. If
B is =C then also C is a subformula of A, thus ~C € M iff (lemma 5.5)
C ¢ M iff (induction hypothesis) w = C iff w |= =C. The case where
B is Cy AC5 is shown in an analogous way. Therefore, if O,B € w, then
also B € M (lemma 5.5), and B is a subformula of A, hence w |= B.
So w is a P-model, and w = A. As w does not contain more formulas
of the form O, B than M, it follows that w is a PF- or a PM-model if
M is PF- or a PM-MCS, respectively.

|

5.9 Completeness of P, PF, PM and PFM. For each formula A:
PEA = PHA

The same holds for PF, PM and PFM.

Proof Let P/ A, i.e. by lemma 5.6, there exists a P-MCS M which
does not contain A, thus by lemma 5.5 contains —=A. By lemma 5.8
there exists a P-model w such that w = —A, and so P = A. The same
proof fits for PF, PM and PFM, too.

|

5.2 Models with unification

The soundness and completeness proofs for PUY and PUM are based on
the fact that the theorems of PU (resp. PUM) are exactly the theorems
of PF (resp. PFM) for which the substitution property holds (theorem
3.15),i.e. PUF A iff Vo:PF+ Ao, and PUM F A iff Vo: PFM +
Ao. We assume that the reader is familiar with substitutions, most
general unifiers, etc. (cf. [8]).

5.10 Definition Let w' be a model and o a substitution. The set
ow' (do not confound with w'c) of quasiatomic formulas is defined by:

Aeow' :<= w E Ao and A is quasiatomic
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We will use this definition mainly to get a more convenient descrip-
tion of functional models (lemma 5.13). The following lemma is purely
technical, and it will help us to shorten several proofs.

5.11 Lemma Let w,w’ be finite sets of quasiatomic formulas, and
o a substitution such that for all quasiatomic formulas A, w = A iff
w' |E Ao. Then for all formulas A, w = A iff w' | Ao.

Proof Induction on the complexity of A: If A is quasiatomic then we
are done. If A is =B, then w | —B iff w }£ B iff (by the induction
hypothesis) w' £ Bo iff w' | ~Bo. The case where A is By A By is
shown in a similar way.

|

The next lemma describes the main property, ocw’ has been defined for.

5.12 Lemma Let w' be a P-model and o a substitution. Then ow'
is a P-model, and for all formulas A,

ow'EFA <+ v EAo

As a consequence, if w' is a PF-model then ocw' is a PU-model, and if
w' is a PFM-model then cw' is a PUM-model.

Proof As for each formula B there exist only finitely many formulas
A; (i € T) such that A;0 = B (i € I), it follows that ow' is a finite set of
quasiatomic formulas. By definition 5.10, for all quasiatomic formulas
A, ow' = A iff w' |= Ao. Therefore, by lemma 5.11, for all formulas
A, ow' = A iff w' |E Ao. As a consequence, ow' is a P-model: If
O,A € ow' then ow' |= O,A, which is equivalent to w' |= O,,A40. As
w' is a model, we get w' = Ao, which again is equivalent to cw' |= A.

|

Note, that if 7 and o are substitutions, then o(rw') = A4 iff 7w’ = Ao
iff w' = Aor iff (o7)w' = A. Therefore, o(tw') = (o7)w', i.e. the
parentheses may be omitted. Another consequence of this is that if

(concerning lemma 5.12) w' is a PU-model then ocw' again is a PU-
model, and if w' is a PUM-model then cw' is a PUM-model.

Lemma 5.12 enables us to give another definition of PU-model and
PUM-model:
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5.13 Lemma Let w be a finite set of quasiatomic formulas, w' a
PF-model (PFM-model) and o a substitution. Then w is a PU-model
(PUM-model) based on w' and o, iff w = ow'.

Proof The direction from right to left is a consequence of the previous
lemma. For the other direction let w be a PU/-model based on w' and o,
i.e. for all formulas A, w | A iff w' = Ao. So A € w iff both w' | Ao
and A is quasiatomic. By definition 5.10, w = ow'.

|

As an example, consider w' to be the PF-model {0, T}, and let o =
{So « T}. Then ow' is the PU-model {O0,T,0,5,So} (let T be
defined as S; —S1).

5.14 Theorem Let A be aformula. Then PU = A iff Vo: PF | Ao,
and PUM = A iff Vo:PFM |= Ao.

Proof Follows readily from lemmas 5.12 and 5.13.
|

5.15 Soundness and Completeness of Pl and PUM. For each

formula A:
PUE A = PUE= A

PUMFA <  PUMEA

Proof PUHF A iff (theorem 3.15) Vo: PF F Ao iff (soundness and
completeness of PF) Vo:PF |= Ao iff (previous theorem) PU = A.
The same proof fits for PUM.

|

The following easy result is listened for the completeness of the discus-
sion on functional interpretations.

5.16 Lemma Let A be a formula and let o be a substitution. Then
PU = A implies PU |= Ao, and PUM |= A implies PUM |= Ao.

Proof Let PU [~ Ao, i.e. there exists a PU-model w such that w =
(mA)o. Let w be based on the PF-model w' and the substitution 7,
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hence w' = (—A)or. It follows o7w’ = —A. But orw' again is a
PU-model, therefore PU £~ A.
|

Functional models have the drawback that they may be exponential
in length compared to a formula they satisfy. The following example
demonstrates this:

5.17 Example Let A be the formula

DPOSO Po —p1 (Sl A Sl)
Dl’l S1 P1 P2 (52 A SZ)

Dpn—lsn—l A Dpn_1Dpn(Sn/\Sn)

Note that A has length O(n) (counting proof and sentence variables and
boolean connectives). Let w be a PU-model such that w = A. If we
write w as ow' for a substitution o and a PF-model w', then clearly o
is a specialization of each of the substitutions S; <- O, , (Siy1 A Siy1)
(t=0...n-1). Asw = O,,S0, w |= Sp, hence w' = Soo. Now Spo
is quasiatomic and has length O(2"). Hence w' contains at least one
formula of exponential length. But also w contains Syo if we assume o
to be idempotent (cf. remark 5.24). So we have no direct representation
of a PU-model of linear length in which A is true.

5.3 Decidability

The decidability of our logics has already been achieved in an efficient
manner by cut-elimination. Furthermore, according to definition 5.1, it
is easily decidable whether a given finite set w of quasiatomic formulas
is a P-, PF-, PM-, or PFM-model. So the only remaining problem
in this concern is to decide whether such a set w is a PU-model (or
PUM-model). The solution of this problem is not straightforward: It
is not sufficient to test if there exists a PU-model w, in such a way that
w = Aygep A (cf. example 5.3) as it can be done in the cases of P,
PF, PM and PFM. The aim of this subsection is to provide a decision
procedure for PU-models. All statements are given for PU only; PUM
can be treated in a similar way.
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First we show, that given a model w, a PF-model w', and a substitution
o, it is decidable whether w is a PU-model based on w’ and o.

5.18 Lemma Let w be a finite set of quasiatomic formulas, w' a PF-
model, and ¢ a substitution. It is decidable whether w is a PU-model
based on w' and o.

Proof It is easily decidable, whether w is a model. We show that
a model w is a PU-model based on w' and o, iff for all quasiatomic
formulas A and sentence variables S the following decidable statements
are true:

1. A € w implies w' = Ao,

2. Ao € w' implies w |= A,

3. S € dom(o)\w implies w' [~ So.

If w is a PU-model based on w' and o, then clearly 1.-3. hold. For
the converse, we show that for all quasiatomic formulas A, w | A iff
w' = Ao. Then we are done, because due to lemma 5.11 it follows that
for all formulas A, w = Aiff w' = Ao. Let A be quasiatomic. If w |= A4,
thus A € w then by 1., w' = Ao. If w' |= Ao and A is of the form O,B
or A is a sentence variable S ¢ dom(o), then also Ao is quasiatomic,
hence Ao € w', and so by 2., w = A. If w' = Ao and A is a sentence
variable S € dom(c), then by 3., w = S, i.e. w |E A.

|

The following definition gives an algorithm for deciding whether a finite
set of quasiatomic formulas is a PU-model, without having knowledge
of an underlying PF-model w' and a substitution ¢ as in lemma 5.18.

5.19 Definition Let w be a finite set of quasiatomic formulas. A
w-chain is a (finite or infinite) sequence (e, w) = (o9, wy), (o1, w1), .- -,
where each o; is a substitution and each w; is a finite set of quasiatomic
formulas, such that:

[success] if wy, contains no formulas 0,A,0,B (A Z B), then (o, wk)
is the last element of the sequence.

[failure,] if wy contains formulas 0,4,0,B (A # B) that are not
unifiable, then (o}, wy) is the last element of the sequence.

If none of the two previous cases takes place, then choose 0O,A4,0,B €
wg (A Z B), let u be an idempotent most general unifier of A and B,
and let w' := {A | 3B € wy, : A = By, and A is quasiatomic}. Then
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[failure,] if wy, # pw', then (o, wy) is the last element of the sequence.

[step] if wy, = pw', then let 011 := opu, and let wyyq = w'.

5.20 Lemma Let w be a model, and let (g,w), ..., (ok, wy) be the
initial elements of a w-chain. Then w = opwy, oy is idempotent, wy C
w, and wy, is a model.

Proof Induction on k. For k£ = 0 we have w = ew. Now let w = opwy,
where wy, is a model, w, C w, w = opwy, and oy, is idempotent. Ac-
cording to the algorithm, wy = pwgy1 for an idempotent substitution
u- We get w = op(pwit1) = (Oxp)Wgt1 = Opt1Wgy1- Furthermore,
op+1 is the composition of idempotent substitutions, hence itself idem-
potent. For the proof of the remaining claims, first note, that if A and
B are formulas such that Ay = By, then wy, = A iff wpy1 E Ap iff
wiy1 | Bu iff wy, = B. Therefore, if A is an arbitrary formula, then
by the idempotence of p, Ay = App, hence wy, |= A iff wy, |E Au. Next,
we show that wgy1 C wg: Let A € wgq1. By the definition of wygq1,
Byu = A for some formula B € wy. From B € wy follows wy, | B,
hence wy, |= By, thus wy, |= A, which is equivalent to A € wy. Next, we
prove that w1 is a model: Clearly, wg41 is a finite set of quasiatomic
formulas. Let O,A € wgyy. By definition, 0,4 = By for a formula
B € wy, hence 0,A = Bu = Bup = (0,A)p, so again, A = Au. From
OpA € wi4 follows by wgy1 C wy that O,A € wy, hence, as wy, is a
model, wy = A, thus w1 E Ap, so finally, w41 = A.

|

5.21 Lemma Let w be a model, and let (g,w), ..., (ok,wi) be a
w-chain which ends by [failure;]. Then w is not a PU-model.

Proof By the previous lemma we know that w = opwy, oy is idem-
potent, wy C w, and wy is a model. Let p and w' be defined as in
definition 5.19. Our proof has the following outline:

1. Assume that for all quasiatomic formulas Dy, Ds:
if Dyogp = Doogu, then wy = Doy <> Dyoy,.

2. From 1. follows that for all quasiatomic formulas Fi, F»:
if FlH = FQ/,L, then W '= F1 <« Fg.



5. Syntactical models 55

3. From 2. follows that wj = pw', where w' is a model.
4. If 1. does not hold, then w is not a PU-model.

First note, that by the idempotence of oy, var(wg) N dom(oy) = 0, and
as p is an idempotent unifier of formulas in wy, dom(u) C var(wy),
and ran(p) C var(wg). As a consequence, dom(u) N dom (o) = 0, and
ran(p) N dom(ay,) = 0.

Now assume that 1. holds, and that Fj, F5 are quasiatomic formulas
such that Fyu = Fou. If Fy = Doy, and Fy = Doy, for some formulas
Dy, D5, then also Dy, D, are quasiatomic, thus 1. can be applied to
get wy E Fy & F,. If Fi is not of the form Djoy, then Fi contains
a variable of dom(oy): if Fy contains no variable of dom(oy), then
Fy = Fiog. From this follows that Fju contains a variable of dom(oy),
thus Fou contains a variable of dom(oy), thus Fy contains a variable of
dom(oy). Consequently, F, is not of the form Doy, too. According to
definition 5.19, wy, := {A | 3B € w : A = Boy, and A is quasiatomic},
hence Fi,Fy ¢ wy. So finally we get wy = —F; and wy = —Fz, thus
wy, E F1 ¢ F>. The case where F; is not of the form Dsoy, is shown
in the same way.

To prove 3., first notice that from 2. it follows by exactly the same
argument as in the proof of the previous lemma, that w' C wy, and
that for all formulas A, w, E A iff wy, E Au. We show that for all
formulas A, wy = A iff w' | Ap by induction on the complexity of Au:

— Let Ap be quasiatomic. Then also A is quasiatomic. If wy = A,
i.e. A € wy, then by the definition of w', Ay € w', hence w' | Ap.
And if w' = Ap, ie. Ap € w', then as w' C wy, wy, = Au, hence
Wg '= A.

- If Ay is =B, then -B = Ay = Apup = —Bpu, thus B = By.
Consequently, wy, = A iff w, = Ap iff wy, = -B iff wy £ B iff
(induction hypothesis) w' £ By iff w' = -Bp iff w' = Ap.

— If Apis By A Bo, then By A Bo = Ay = App = By A B, hence
B; = Byp and By = Byp. Consequently, wy, = A iff wy, = Ap iff
wy = BiABs iff (w = By)A(wy = Bs) iff (induction hypothesis)
(w' |E Bip) A (w' |= Bap) iff w' =By ABs iff w' = Ap.

The proof that w' is a model is straightforward: Clearly, w' is a finite
set of quasiatomic formulas. Let 0,4 € w’. By definition, 0,4 = By
for a formula B € w, hence 0,A == By = Bup = (O,A)p, so again,
A = Ap. From O,A4 € w' follows that O,A € wy, hence wy |= A, hence
w' |E Ap, and thereby w' |= A.
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For 4., assume that we have quasiatomic formulas D;, Dy such that
Dyopp = Daogp, but wy [ (D1 ¢ Da)og. Assume furthermore, that
w is a PU-model, i.e. w = ow" for a substitution o and a PF-model
w". Now oy is a most general unifier of pairs 0,4,0,B € w (A # B),
and ¢ is another unifier of these pairs by w = ow" and the fact that
w" is a PF-model. It follows that o = (opu)A for a substitution .
From Diogp = Daopp we get Diogpul = Doopu, ie. Dio = Dsyo.
Therefore, w" |= Do < Dyo, hence w" |= (D; < Ds)o, hence w =
Dy + D5, and so wy, = (D1 > D2)oy; contradiction.

]

5.22 Lemma Let w be a model. Then
(i) each w-chain is finite,
(i) there exist only finitely many w-chains,
(iii) if there exists a w-chain which ends by success, then w is a PU-
model,

(iv) if there exists a w-chain which ends by failure, then w is not a
‘PU-model.

Proof For (i) observe that if (o, w) and (ogy1,wr4+1) are subsequent
elements of a w-chain, then the number of different sentence and proof
variables in wg41 is strictly less that the number of variables in wy, as
u is idempotent and p # €. Statement (ii) holds, as each set wy in the
chain contains only finitely many unifiable formulas 0,4, 0,B (A # B),
and for each pair of unifiable formulas there exist only finitely many
idempotent most general unifiers. Now let wy, be the last element of the
w-chain. In the case of (iii), if wy contains no formulas O,A4,0,B (A #
B), then wy is a PF-model, thus w is a PU-model based on wy, and
ok In the case of (iv), if wy contains formulas O,A4,0,B (A # B)
which are not unifiable (i.e. [failure,]), then also w contains 0,4 and
O,B. Assume that w is a PU-model based on a PF-model w" and a
substitution o. It follows that (O0,A)0, (0,B)o € w". But (0,A)0 #
(OpB)o, hence w" cannot be a PF-model. In the case of (iv), if wy, #
pw' (i.e. [failurep]), then by lemma 5.21, w is not a PU-model.

|

5.23 Theorem Let w be a finite set of quasiatomic formulas. It is
decidable whether w is a PU-model.
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Proof Immediate consequence of lemma 5.22.
|

5.24 Remark In the decision procedure above we have used only
idempotent unifiers. It is possible to restrict the definition 5.1 of PU-
model to idempotent substitutions, too: If w is a PUY-model, then there
exists a PF-model w" and an idempotent substitution g such that w is
based on w" and u. The following short argument proves this claim: Let
w' be a PF-model and ¢ be a substitution such that w is based on w' and
o. Let u be an idempotent substitution and a a permutation of variables
in such a way that ¢ = pa. Let w” := w'a~!. Clearly, w" again is a
PF-model. Now if w = A then w' | Apa, hence w'a™! | Apaa™?,
which is equivalent to w” = Ap. And if w" | Ap, hence w'a™! | Ay,
then w'a™la | Apa, which is equivalent to w' = Ao, from which
follows w = A.
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6 Fixed points

In this section some general properties of the Basic Logic of Proofs are
discussed, mainly centered around fixed points. The situation is not
as uniform as in the classical Provability Logic GL (cf. [5] and [10]).
Among other things we show that: In P and PF fixed points do not
always exist (theorem 6.4), but in PM and PFM they do (theorem 6.6).
There are formulas, which have logically unique fixed points as usual
(e.g. theorem 6.5), i.e. if A is a fixed point and A is logically equivalent
to B, then B is a fixed point, too. But there are also formulas, which
have syntactically unique fixed points (theorem 6.9). Finally, there are
formulas which have logically different fixed points (last example at the
end of this section).

According to definition 5.1, a PU-model is basically a PF-model which
is “lifted up” by a substitution. So all the properties of functionality
are already available in the underlying PF-model. For this reason, we
discuss in this section the fixed points of P, PF, PM and PFM, but
not of PU and PUM.

Let subf(A) be the set of all subformulas of a formula A.

6.1 Lemma Let w be a P-model and A a formula such that w |= A,
and let wy := w N subf(A). Then wy is a P-model, and wy | A. If w
is a PF-, PM- or PFM-model, then w4 is a PF-, PM- or PFM-model,
respectively (cf. example 5.3).

Proof Clearly w4 is a finite set of quasiatomic formulas. By straight-
forward induction on the complexity of a formula B it follows that if
B € subf(A), then w = B iff wa |= B (cf. proof of lemma 5.8). To see
that wy is a model, let O,B € wa. By definition, 0,B € w, and 0,B
is a subformula of A. From the first it follows that w = B, and from
the second that also B is a subformula of A, hence wa = B. Obviously,
if w is a PF- and/or PM-model, then wy is a PF- and/or PM-model,
respectively.

|

6.2 Lemma Let A be a formula and p a proof variable.

a) If there exists a P-model in which A is true then there exists a
P-model in which both A and -0, A4 are true. This is also true
for PF-, PM- and PFM-models.
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b) If there exists a P-model in which A is true then there exists a
P-model in which O, A is true. This is not true for PF-, PM- and
PFM-models (take A :=0,T).

¢) If A is true in all P-models (i.e. P = A) then there exists a P-
model in which O,A is true. This is also true for PF-, but not
true for PM- and PFM-models (take A := —0,1).

Proof
a) Let w be a model such that w = A, and let wy := w N subf(4).
According to lemma 6.1, wy | A, and wy E -0O,4, as O,4
cannot be a subformula of A.
b) Let w be a P-model such that w |= A, and let w4 := w U {O,A}.
Then again w4 is a P-model, and w4 |= O,A.
¢) Let w:={0O,A}. As A is true in each P-model, it follows that w

is a P-model. Obviously, w is also a PF-model.
|

6.3 Corollary Let A be a formula and p a proof variable.

a) PEA—-DO,A iff PE-A.
This is also true for PF, PM and PFM.

b) P=-0,4 iff PE-A.
This is not true for PF, PM and PFM (take A =0,T).

c) PE=-0O,4 implies P [~ A.
This is also true for PF, but not true for PM and PFM (take
A= —||:|pJ_).

First note that in each statement of the corollary, the formula A may
contain the proof variable p. Item a) expresses that a formula which
asserts that it is uniformly provable by p, must be refutable. Item
b) divides our logics into those which have the functionality or the
monotonicity property, and into those which have it not. For the latter,
i.e. P, it says that if a formula is in such a way that it is uniformly not
provable by any proof, then it is refutable; and it is at least not provable
in the case of the functional logic PF, according to item c) .
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As a variant of ¢) we get:

6.4 Theorem The modal scheme —0,(-) has no fixed point in P and
PF, i.e. there exists no formula A such that P = A <+ -0, A.

Proof From P }= A« -0,A4 and from (A2) it follows that P = A
and P |= -0,A, which contradicts c¢) of corollary 6.3 . The same holds
for PF.

|

With the same argument it follows that O,—(-) has no fixed point in P
and PF, too. A variant of item a) in corollary 6.3 is the following;:

6.5 Theorem The modal scheme O,(+) has the logically unique fixed
point L in P, PF, PM and PFM,ie. Pl= L+ Opl,andif PE A
Op,A then P = A & L.

Proof P = A+ 0,4 is by (A2) equivalent to P |= A — O,A which
is by corollary 6.3 item a) equivalent to P = ~A. The same holds for
PF, PM and PFM, too.

|

In this context remind that in the Provability Logic GL the operator
—O0(-) (not provable) has 1L (consistency) as its unique fixed point,
and O(-) (provable) has the fixed point T.

6.6 Theorem In PM and PFM, fixed points always exist, i.e. if
every occurrence of z in a formula D(z) lies within the scope of a box
then there exists a formula A such that PM = A « D(A).

Proof Write D(z) as D(Og, C1(z),...,04,Ck(x)) where z occurs in
each Oy, Ci(z), D(y1, - - -, yr) contains no further z, and none of y1,. . .,y
lies within the scope of a box. Then let A := D(O,, 1,...,0, 1). By
the Monotonicity Axiom, PM = 0O,,C;(A) + L, and by the Reflexion
Axiom PM =0, L <+ L. It follows that

PME A < D(@O,L,...,041)
A D(Dqlcl(A)a'--aDQka(A))
< D(A)
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6.7 Example According to the construction in the proof above, the
formula D(z) := —O,(x) has the fixed point A = —0,1; indeed, PM |=
(~0pL) « ~0,(-0,1). Notice that =0,.L is not the only fixed point.
Obviously all formulas which contain p and which are provable in PM
are fixed points, too.

In example 5.2 (iii) we have shown that no formula of the form O,A
is provable in P (or PF, PM, PFM). Our next aim is to discuss the
refutability of O,A. The first such result is corollary 6.3 b), according
to which P = -0,A iff A is refutable in P. The next lemma answers
this question for the other logics, too.

6.8 Lemma Let A be a formula and p be a proof variable. Then

PFE-0,A < PFEA- (O,BV...VO,By), where 0,B,
.., O,By are the subformulas of A of the
form O,B.

PME-0,A <= PM}-A, or A contains p.

PFM E-O,A < PFM | A - (0,B1 V...V 0,B;), where
Op,B1, ..., O,By are the subformulas of A of
the form 0O,B, or A contains p.

Proof The only case from the right to the left which has to be ex-
plained is that if PF = A — (0,B; V...V 0,By), then PF | -0, A.
Assume that PF = —0O,A, i.e. there exists a PF-model w such that
w | OpA. Let wa := wN subf(A). By lemma 6.1, wa = A. As
w is a PF-model, wa contains no formulas of the form O,B for the
proof variable p, so wa |= —0,B for all formulas B. As a consequence,
PFWEA— (O,B1V...VO,By).

For the direction from the left to the right, we show only the proof for
PFM. The proofs for PF and PM are special cases of this one. Assume

that
A does not contain p, and

Jw: (wEA A O,B1 ¢wA...AO,B, ¢ w).

where w is a PFM-model, and O,By, ..., O,B; are the subformulas
of A which have the form O, B for the proof variable p. Let w be such
a model and let w4 := w N subf(A). Still, wa is a PFM-model and
w4 = A, according to lemma 6.1. Furthermore, w4 contains no formula
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of the form O, B for the proof variable p. Now let w := waU{O,A}. We
have to check that w is a PFM-model, and then we are done because
W = OpA, hence PFM [ —0O,A. That w is a model follows from
w = A. That w is a PM-model is guaranteed by the assumption that
A does not contain p. And w is still a PF-model, as w4 contains no
formula of the form O,B for the proof variable p.

|

Notice that in the right hand side of the preceding lemma the disjunction
must contain in general more than one formula of the form O,B. It is
not true that PF = -0,A iff PF = A — O,B for a formula B: Let
A:=0,TvO,(TAT). Then PF |= =0,(0,T V O,(T A T)), but there
is no formula B such that PF |= (O, T vO,(T AT)) — O,B.

Up to the end of this section we will provide some examples of fixed
points to demonstrate that several nice and desired properties of Prov-
ability Logic are not valid for the Basic Logic of Proofs.

In P and PF we have the situation that syntactically unique fixed points
exist:

6.9 Theorem The formula D(z) := —0O,(x) V O, T has the syntacti-
cally unique fixed point T in P and PF,ie. P |=(T) <> ~0O,(T)VO,T,
and if P = (A) & -0,(A) vO,T then A=T.

Proof Let A # T. We have to show that there exists a P-model (PF-
model) w such that W = AANO,AA-O,T or @ | —AA(-O,AVO,T).
For this we consider two cases. 15¢ case: If for all models w, w | A,
then let @ := {O,A}. Clearly, @ is a P-model (PF-model), as w |= A.
So we have w = A, and @ |= 0,4, and @ = O, T since A # T. 29 case:
If there exists a P-model (PF-model) wq such that wg = —A, then let
w := wo N subf(—A). By lemma 6.1, w still is a P-model (PF-model)
and @ |= —A, and w = -0,A.

|

Next, we show that if logically equivalent formulas A; and Ay (A; Z As)
are fixed points of D(z), then not necessarily all formulas equivalent to
A, are fixed points, too. The following example fits also for PF, PM
and PFM: Let D(x) := Op(x) V-0, T V-0O,(T A T). Then

PE(T) ¢ 0,(T)Vv-0,TV-0,(TAT), and also
P '= (T A T) ~ DP(T A T) V —||:|pT Vv —||:|p(T A\ T)
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but e.g. T AT AT is not a fixed points. This example can easily be
extended to more than two such formulas.

Another formula worth to consider is D(z) := -0py(z) AQ,T. In PF a
fixed point exists,

PFE(OpT) + -0p(0,T)AD,T

as ~0O0,0,T is a true statement in PF. But in P, this formula has no
fixed point:

6.10 Theorem The formula D(z) := —0O,(z) A O, T has no fixed
point in P.

Proof Let A be an arbitrary formula. We have to show that there
exists a P-model w in such a way that w = A A (Op,AV -0O,T) or
w = —AA-O,AANDO,T. We consider two cases. 1% case: If for all
models w, w = —A, then let @ := {O0,T}. Then @ = —A, hence
W = —O0,4, and @ |= O, T. 2" case: If there exists a model wy such
that wo = A, then let @ := woU{O,A}. Still, @ is a model, and w |= A4,
and w = O,A.

|

In PF another effect can take place. Let D(x) := —(0,(z) AO,T), then
e.g.
PFE(TAT) & -(0,(TAT)AD,T)
but
PF W (T) < ~(0,(T)AD,T)

Here the situation is complementary to that of theorem 6.9; all formulas
equivalent to T are fixed points, but T itself is not. Again, this example
can be easily extended: Let D(z) := —(Op(x) A O,T) A =(Op(z) A
O,(T A T)). Then all provable formulas are fixed points, except T and
TAT.

Finally, in none of the logics P, PF, PM and PFM the classical fixed
point theorem is valid, i.e. fixed points are in general not unique: Let
D(z) :=0,(z) v -0,T, then

P (T) & Oy(T) V-0, T
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and also
P IZ (_'DPT) A Dp(_‘DpT) VoL, T
but T and -0, T are not logically equivalent in P, PF, PM or PFM.

Notice, that all formulas which are logically equivalent to -0, T are
fixed points, too, but e.g. T A T is not a fixed point.
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7 Extensions

Extensions of the Basic Logic of Proofs are suggested by different peo-
ple. In most cases it is criticized that the formulas 0,4 admit nested
modalities in the argument A, but the proof variables p have no struc-
ture at all.

A first attempt is to introduce propositional connectives on the proof
variables as it is done e.g. in dynamic logic. Doing this, one has to make
some assumptions on the structure of the proofs in T. This can make
sense in many cases, but clearly is not in the line of the Basic Logic of
Proofs. So we will not discuss this approach.

Another possibility is to introduce quantifiers for proof variables, i.e. to
extend the definition 1.1 of the modal language as follows:

e We still have symbols p, q,r,... which are intended to range over
proofs (we call p,q,r,... now proof constants), and additionally
we have free and bound variables z, y, z, . . . for proofs (now called
proof variables).

e If Ais a formula then also O, A is a formula.
o If Ais aformula then 3z A is a formula (Vz A is defined as —~3z—A).

Then we extend the definition 1.6 of an arithmetical interpretation by:

e (O,A4)* := Prf(z,"A*7), and
o (AzA)* = JzA*.

The very first observation is that we can now define
0OA := Jz0,A.

As mentioned at the end of subsection 1.2, 3x0,A behaves like the
ordinary provability predicate under arithmetical interpretations. Thus,
we can formulate all theorems of the Provability Logic GL.

Some examples of formulas in this extended language are:

(1) 0,4 — OA4,

(2) -00,A — O-0,A4 (Decidability of O,A),

(3) O,0F4A — O'A (k,l €N, and O"A :=0O---0A),
——

(4) ﬁ[]p[u_, n times

(5) O(Op,A - A) — OA (Modification of Lob’s theorem),
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(6) OVzA(z) — VzOA(x) (Converse of the Barcan formula), and
similarly,

(7) J20A(z) — Oz A(z),

(8) Vz(O,A — OO, A) (Demonstrable ¥-completeness),

(9) VzO(O,A — A).

7.1 Example The formula 3z—0,T can be read as “there exists
a proof that does not derive T”. Its arithmetical interpretation is
Az—Prf(z,"T*7).

If we consider only functional interpretations (-)* then Ix—Prf (x," T*7)
is a true X;-sentence, hence provable in T. So Jdz—0O,T holds under
functional interpretations.

Assume next that Prf(-,-) is defined by:
Prf(z,y) = Prf(z,y) Vv y="T""

Clearly, Prf(-,-) is a nonfunctional proof predicate, and Vz Prf (z,” T*™)
is a true sentence. So Jx—Prf(x,"T*7) is false, hence not provable in
T. Therefore, 3z—0, T does not hold under arbitrary interpretations.

A modification of this formula is
-0A — Jz-0, A4

Let ()* be an arbitrary interpretation. From T F Jz—Prf (z,” A*7) fol-
lows that T + =Pr("A*") — Jx—~Prf(xz,” A*7), so assume that T I/
dz—Prf(z,"A*7). As this is a X;-sentence, we get that Prf(n,”A*7)
is true for all numbers n, hence T + Pr("A*7), and so again T F
-Pr("A*7") — Jz-Prf(z," A*7). Thus, 04 — Jz-0, A holds un-
der arbitrary interpretations.

A remarkable step into this direction of an extension of the Basic Logic
of Proofs has been done by S.N. Artémov. His language does not contain
quantifiers, but the labeled modalities O, A of the Basic Logic of Proofs
as well as the modalities OA of GL. He interprets this formulas in a
straightforward manner as

(OpA4)" = Prf(p*,"A™7)
(Qd)* := Pr("A*")
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So w.r.t. the extended language as it is described at the beginning of this
section, Artémov allows only existential quantifiers of the form Jx0, A.
His sound and complete proof system consists of the axioms and rules
of GL as presented at the beginning of subsection 1.1, as well as the
axioms and rules for the Basic Logic of Proofs, and in addition of

0O,A — 00,4 (stability)
-0,4 — O-0,4 (stability)
oA

(converse necessitation)

A

Examples of theorems of this logic are examples (1) — (4) above. (1)
is just the introduction of an existential quantifier. (2) is a direct con-
sequence of the two stability schemes. For (3) let (-)* be an arith-
metical interpretation, and let us consider two cases. 15 case: If T -
Prf(p*, Pr("... Pr("A*7)...") (k times), then we get by the Reflexivity
Axiom T+ Pr("...Pr("A*7)...") (k times), and then by necessitation
and converse necessitation, T + Pr("... Pr("A*7)...7) (I times). 27d
case: If T I/ Prf(p*, Pr("... Pr("A*7)...") (k times), then the claim
follows immediately as this is a recursive formula. The theorem (4) is
a special case of (3): Let A:= L, k:=1 and [ := 0. The modification
of Lob’s theorem (5) is not valid: Assume that (5) is a theorem. As
0,A — A is an axiom, one can derive O(O0,A — A) by necessitation,
hence OA, hence A for every formula A.
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